Part [A — Vectors and Matrices

Based on lectures by N. Peake
Notes taken by Dexter Chua

Michaelmas 2014

These notes are not endorsed by the lecturers, and I have modified them (often
significantly) after lectures. They are nowhere near accurate representations of what
was actually lectured, and in particular, all errors are almost surely mine.

Complex numbers

Review of complex numbers, including complex conjugate, inverse, modulus, argument
and Argand diagram. Informal treatment of complex logarithm, n-th roots and complex
powers. de Moivre’s theorem. 2]

Vectors

Review of elementary algebra of vectors in R?, including scalar product. Brief discussion
of vectors in R™ and C"; scalar product and the Cauchy-Schwarz inequality. Concepts
of linear span, linear independence, subspaces, basis and dimension.

Suffix notation: including summation convention, §;; and €;;%. Vector product and
triple product: definition and geometrical interpretation. Solution of linear vector
equations. Applications of vectors to geometry, including equations of lines, planes and
spheres. [5]

Matrices

Elementary algebra of 3 x 3 matrices, including determinants. Extension to n x n
complex matrices. Trace, determinant, non-singular matrices and inverses. Matrices as
linear transformations; examples of geometrical actions including rotations, reflections,
dilations, shears; kernel and image. [4]

Simultaneous linear equations: matrix formulation; existence and uniqueness of solu-
tions, geometric interpretation; Gaussian elimination. 3]

Symmetric, anti-symmetric, orthogonal, hermitian and unitary matrices. Decomposition
of a general matrix into isotropic, symmetric trace-free and antisymmetric parts. [1]

Eigenvalues and Eigenvectors
Eigenvalues and eigenvectors; geometric significance. 2]

Proof that eigenvalues of hermitian matrix are real, and that distinct eigenvalues give
an orthogonal basis of eigenvectors. The effect of a general change of basis (similarity
transformations). Diagonalization of general matrices: sufficient conditions; examples
of matrices that cannot be diagonalized. Canonical forms for 2 x 2 matrices. (5]

Discussion of quadratic forms, including change of basis. Classification of conics,
cartesian and polar forms. (1]

Rotation matrices and Lorentz transformations as transformation groups. 1]
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0 Introduction TA Vectors and Matrices

0 Introduction

Vectors and matrices is the language in which a lot of mathematics is written
in. In physics, many variables such as position and momentum are expressed as
vectors. Heisenberg also formulated quantum mechanics in terms of vectors and
matrices. In statistics, one might pack all the results of all experiments into a
single vector, and work with a large vector instead of many small quantities. In
group theory, matrices are used to represent the symmetries of space (as well as
many other groups).

So what is a vector? Vectors are very general objects, and can in theory
represent very complex objects. However, in this course, our focus is on vectors
in R™ or C™. We can think of each of these as an array of n real or complex
numbers. For example, (1,6,4) is a vector in R®. These vectors are added in the
obvious way. For example, (1,6,4) 4 (3,5,2) = (4,11,6). We can also multiply
vectors by numbers, say 2(1,6,4) = (2,12, 8). Often, these vectors represent
points in an n-dimensional space.

Matrices, on the other hand, represent functions between vectors, i.e. a
function that takes in a vector and outputs another vector. These, however, are
not arbitrary functions. Instead matrices represent linear functions. These are
functions that satisfy the equality f(Ax + py) = Af(x) + puf(y) for arbitrary
numbers A, 4 and vectors x,y. It is important to note that the function x — x+c
for some constant vector c is not linear according to this definition, even though
it might look linear.

It turns out that for each linear function from R™ to R™, we can represent
the function uniquely by an m x n array of numbers, which is what we call the
matriz. Expressing a linear function as a matrix allows us to conveniently study
many of its properties, which is why we usually talk about matrices instead of
the function itself.
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1 Complex numbers

In R, not every polynomial equation has a solution. For example, there does
not exist any z such that z? +1 = 0, since for any z, 2 is non-negative, and
22 4+ 1 can never be 0. To solve this problem, we introduce the “number” ¢ that
satisfies i2 = —1. Then i is a solution to the equation 2% 4+ 1 = 0. Similarly, —i
is also a solution to the equation.

We can add and multiply numbers with ¢. For example, we can obtain
numbers 3+ ¢ or 1 + 3i. These numbers are known as complex numbers. It turns
out that by adding this single number 4, every polynomial equation will have a
root. In fact, for an nth order polynomial equation, we will later see that there
will always be n roots, if we account for multiplicity. We will go into details in
Chapter 5.

Apart from solving equations, complex numbers have a lot of rather important
applications. For example, they are used in electronics to represent alternating
currents, and form an integral part in the formulation of quantum mechanics.

1.1 Basic properties

Definition (Complex number). A complexr number is a number z € C of the
form z = a+ib with a,b € R, where i2 = —1. We write a = Re(z) and b = Im(2).

We have

(a1 + ’Lbl) + (CLQ + ’ng)
(a1 + &2) + Z(bl + bQ)
2129 = (a1 + ibl)(ag + ibs)
(a1a2 — blbg) + i(b1a2 + albz)
1
a+1ib
a—1b
a? + b2

lel:ZQ

Definition (Complex conjugate). The complex conjugate of z = a + b is a — ib.
It is written as z or z*.

It is often helpful to visualize complex numbers in a diagram:
Definition (Argand diagram). An Argand diagram is a diagram in which a
complex number z = x + iy is represented by a vector p = (z . Addition of

vectors corresponds to vector addition and Z is the reflection of z in the z-axis.

Im

Zl+22

Re



1 Complex numbers IA Vectors and Matrices

Definition (Modulus and argument of complex number). The modulus of
z=x+iyisr = |z| = \/22 + y2. The argument is 6 = arg z = tan"!(y/z). The
modulus is the length of the vector in the Argand diagram, and the argument is
the angle between z and the real axis. We have

z=r(cosf + isinf)

Clearly the pair (r, ) uniquely describes a complex number z, but each complex
number z € C can be described by many different ¢ since sin(27 4 6) = sin
and cos(2m + 6) = cos 6. Often we take the principle value 6 € (—m, 7).

When writing z; = r;(cos6; 4+ isin6;), we have

z129 = r17r2[(cos By cos B2 — sin By sin b3) + i(sin O cos Oa + sin Oz cos 61)]
= rirafcos(fy + 63) + isin(6; + 62))

In other words, when multiplying complex numbers, the moduli multiply and
the arguments add.

Proposition. zz = a? + b? = |z|2.

Proposition. 271 = z/|z|2.

Theorem (Triangle inequality). For all 21, 2z € C, we have
|21 + 22| < [21] + |22].

Alternatively, we have |21 — za| > ||z1] — |22]|.

1.2 Complex exponential function

Exponentiation was originally defined for integer powers as repeated multiplica-
tion. This is then extended to rational powers using roots. We can also extend
this to any real number since real numbers can be approximated arbitrarily
accurately by rational numbers. However, what does it mean to take an exponent
of a complex number?

To do so, we use the Taylor series definition of the exponential function:

Definition (Exponential function). The exponential function is defined as

oo
ex (z):ezzl+z+i+i+...:2ﬁ
P 2! 3! On!'
n=

This automatically allows taking exponents of arbitrary complex numbers.
Having defined exponentiation this way, we want to check that it satisfies the
usual properties, such as exp(z + w) = exp(z) exp(w). To prove this, we will
first need a helpful lemma.

Lemma.

oo oo c© T
§ § amn:§ § Ar—m,m

n=0m=0 r=0m=0
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Proof.

co oo
Zzamn:a00+a01—|—a02+...

n=0m=0
+ a0+ ay +ap2+ -
+ ag + az1 +a + -
= (aoo) + (a10 + ao1) + (a2 + a1 + agz) + - -

= i i Ar—m,m O

r=0m=0

This is not exactly a rigorous proof, since we should not hand-wave about
infinite sums so casually. But in fact, we did not even show that the definition of
exp(z) is well defined for all numbers z, since the sum might diverge. All these
will be done in that TA Analysis I course.

Theorem. exp(z1)exp(z2) = exp(z1 + 22)

Proof.

exp(z1) exp(z2) = Z Z 271275;

r—m_m
' (r— m)!m!z1 "2
-~ (714 2)"

r!

O

Again, to define the sine and cosine functions, instead of referring to “angles”
(since it doesn’t make much sense to refer to complex “angles”), we again use a
series definition.

Definition (Sine and cosine functions). Define, for all z € C,

sinzzziz%“:Z_fz3+fz5+...

= (2n+1)! 3l 51
_ - (=1)" _ Lo, 1.4
COSZ—ZO(Qn)!z _1—53 _|_JZ + .-

One very important result is the relationship between exp, sin and cos.

Theorem. ¢* = cos z + i sin z.

Alternatively, since sin(—z) = — sin z and cos(—z) = cos z, we have
elZ _|_ 6—7,2
cosz = ——p—,
) iz __ efiz
sinz = -
24
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Proof.

n=0
_ i ,L'2n i 2n+1 2n+1
= (2n = (2n +1)!
_ - (_1> 2n ( 1)71 2n+1
_g(m) +Z2+1>Z
=cosz+isinz O

Thus we can write z = r(cos 6 + isin ) = re®.

1.3 Roots of unity

Definition (Roots of unity). The nth roots of unity are the roots to the equation
z" =1 for n € N. Since this is a polynomial of order n, there are n roots of
unity. In fact, the nth roots of unity are exp (27rzf) for k=0,1,2,3---n—1.

Proposition. If w = exp (2’”) then 1+ w+w?4+---+w" =0
Proof. Two proofs are provided:

(i) Consider the equation 2™ = 1. The coefficient of 2”71 is the sum of
all roots. Since the coefficient of 2”1 is 0, then the sum of all roots
=l+w4w?+--+w =0

(ii) Since w” — 1= (w—1)(1+w+---+w" ') and w # 1, dividing by (w—1),
we have 1 + w + -+ w" ! = (w" —1)/(w—1) =0. O
1.4 Complex logarithm and power

Definition (Complex logarithm). The complex logarithm w = log z is a solution
to e¥ = z, i.e. w = log z. Writing z = re?, we have log z = log(re'?) = log r + 6.
This can be multi-valued for different values of # and, as above, we should select
the 0 that satisfies —m < 6 < 7.

Example. log2i =log2 + i3

Definition (Complex power). The complex power z* for z,« € C is defined as
2® = e®1°8%  This, again, can be multi-valued, as 2z = e®10g[2lgiad g2inma (there
are finitely many values if @ € Q, infinitely many otherwise). Nevertheless, we
make z¢ single-valued by insisting —7 < 6 < 7.

1.5 De Moivre’s theorem

Theorem (De Moivre’s theorem).

cosnf + isinnf = (cos @ + isinh)".
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Proof. First prove for the n > 0 case by induction. The n = 0 case is true since
it merely reads 1 = 1. We then have

(cos@ +isin®)" ! = (cos @ + isin @)™ (cos @ + isin @)
= (cosnb + isinnb)(cos § + isin )
=cos(n+1)0 +isin(n + 1)0
If n <0, let m = —n. Then m > 0 and

(cosf 4 isinf) ™™ = (cosmb + isinmf) "

cosmb — isinmb

(cosmf + i sinm@)(cosmf — i sinmb)
_cos(—mb) + isin(—mb)

cos2 mé + sin® mf
= cos(—mb) + isin(—mb)

= cosnf + isinnf O

Note that “cosnf +isinnf = e™? = (¢’ = (cosf +isin#)"” is not a valid
proof of De Moivre’s theorem, since we do not know yet that ¢ = (%), In
fact, De Moivre’s theorem tells us that this is a valid rule to apply.

Example. We have cos 50 + i sin 50 = (cos § + isin§). By binomial expansion
of the RHS and taking real and imaginary parts, we have

cos50 = 5cosf — 20 cos® 6 + 16 cos® 0
sin 56 = 5sin  — 20sin® § + 16 sin® 0

1.6 Lines and circles in C

Since complex numbers can be regarded as points on the 2D plane, we can often
use complex numbers to represent two dimensional objects.

Suppose that we want to represent a straight line through zy € C parallel to
w € C. The obvious way to do so is to let z = 25 + Aw where A can take any
real value. However, this is not an optimal way of doing so, since we are not
using the power of complex numbers fully. This is just the same as the vector
equation for straight lines, which you may or may not know from your A levels.

Instead, we arrange the equation to give A = 2222, We take the complex
conjugate of this expression to obtain A\ = £=20. The trick here is to realize that

—_w
A is a real number. So we must have A = \. This means that we must have

zZ— 20 zZ—2p

w w
2W — ZW = 2pW — ZpW.

Theorem (Equation of straight line). The equation of a straight line through
zo and parallel to w is given by

2ZW — ZW = ZpW — ZoW.

The equation of a circle, on the other hand, is rather straightforward. Suppose
that we want a circle with center ¢ € C and radius p € R™. By definition of a
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circle, a point z is on the circle iff its distance to ¢ is p, i.e. |z — ¢| = p. Recalling
that |2|? = 2%, we obtain,
lz—cl=p
|2 —c|* = p®
(2 = (2 — ) = p?
zE—Ez—cEsz—cé
Theorem. The general equation of a circle with center ¢ € C and radius p € R*

can be given by
ZZ—EZ—CE:pQ—CE.

10
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2 Vectors

We might have first learned vectors as arrays of numbers, and then defined
addition and multiplication in terms of the individual numbers in the vector.
This however, is not what we are going to do here. The array of numbers is just
a representation of the vector, instead of the vector itself.

Here, we will define vectors in terms of what they are, and then the various
operations are defined axiomatically according to their properties.

2.1 Definition and basic properties

Definition (Vector). A wvector space over R or C is a collection of vectors v € V,
together with two operations: addition of two vectors and multiplication of a
vector with a scalar (i.e. a number from R or C, respectively).

Vector addition has to satisfy the following axioms:

(i) a+b=b+a (commutativity)
(ii) (@a+b)+c=a+(b+c) (associativity)
(iii) There is a vector 0 such that a + 0 = a. (identity)
(iv) For all vectors a, there is a vector (—a) such that a4+ (—a) = 0 (inverse)

Scalar multiplication has to satisfy the following axioms:
(i
(ii
(iii

(i

A(a+b) = da+ Ab.
(A4 p)a = la+ pa.

)
)
) Alpa) = (Ap)a.

v) 1

Often, vectors have a length and direction. The length is denoted by |v|. In

this case, we can think of a vector as an “arrow” in space. Note that Aa is either
parallel (A > 0) to or anti-parallel (A < 0) to a.

Definition (Unit vector). A unit vector is a vector with length 1. We write a
unit vector as v.

Example. R” is a vector space with component-wise addition and scalar mul-
tiplication. Note that the vector space R is a line, but not all lines are vector
spaces. For example, x + y = 1 is not a vector space since it does not contain 0.

2.2 Scalar product

In a vector space, we can define the scalar product of two vectors, which returns
a scalar (i.e. a real or complex number). We will first look at the usual scalar
product defined for R™, and then define the scalar product axiomatically.

11
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2.2.1 Geometric picture (R? and R? only)

Definition (Scalar/dot product). a - b = |a||b|cosf, where 6 is the angle
between a and b. It satisfies the following properties:

(i
(ii

)a-b=b-a
)

(ili) a-a=0iffa=10
)

a-a=la®>0

(iv) If a-b =0 and a,b # 0, then a and b are perpendicular.

Intuitively, this is the product of the parts of a and b that are parallel.

|a| cos 6

Using the dot product, we can write the projection of b onto a as (|b| cosf)a =
(a-b)a.
The cosine rule can be derived as follows:

BCP? = |AC — ABP
= (AC - AB) - (AC - D)
- |1@|2 4 |m\2 — 2|/@Hﬁ| cos 6

We will later come up with a convenient algebraic way to evaluate this scalar
product.

2.2.2 General algebraic definition

Definition (Inner/scalar product). In a real vector space V', an inner product
or scalar product is a map V x V' — R that satisfies the following axioms. It is
written as x -y or (x | y).

i) xy=y-x (symmetry)
(i) x-(A\y +puz) =Ix-y +ux-z (linearity in 2nd argument)
(iii) x-x > 0 with equality iff x =0 (positive definite)

Note that this is a definition only for real vector spaces, where the scalars
are real. We will have a different set of definitions for complex vector spaces.

In particular, here we can use (i) and (ii) together to show linearity in 1st
argument. However, this is generally not true for complex vector spaces.

Definition. The norm of a vector, written as |a| or ||a||, is defined as

la] = va-a.

12
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Example. Instead of the usual R™ vector space, we can consider the set of all
real (integrable) functions as a vector space. We can define the following inner
product:

(flg) = /0 fla)g(z) da.

2.3 Cauchy-Schwarz inequality
Theorem (Cauchy-Schwarz inequality). For all x,y € R,

x-y| < x|yl
Proof. Consider the expression |x — \y|?. We must have
Ix —xy[> >0
(x =Ay)-(x=Ay) 20
Myl = A@2x - y) +[x[> > 0.

Viewing this as a quadratic in A\, we see that the quadratic is non-negative and
thus cannot have 2 real roots. Thus the discriminant A < 0. So

A(x - y)? < Aly|*|x?

(x-y)* < [xPlyl?
Ix -yl < x|yl O

Note that we proved this using the axioms of the scalar product. So this
result holds for all possible scalar products on any (real) vector space.

Example. Let x = (o, 8,7v) and y = (1,1,1). Then by the Cauchy-Schwarz
inequality, we have

a+B+v< V3245242
&+ B2+ > af+ By +a,

with equality if « = 8 = ~.
Corollary (Triangle inequality).

Ix+y| < [x]+]yl.

Proof.
x+yP=(x+y) (x+y)
=x]*+2x -y + |y]?
< |x” + 2fx|ly| + |y[?
= (Ix] + [y])*.
So
Ix +y| < x|+ |yl O

13
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2.4 Vector product

Apart from the scalar product, we can also define the vector product. However,
this is defined only for R3 space, but not spaces in general.

Definition (Vector/cross product). Consider a,b € R3. Define the vector
product
a x b = |a||b| sin fn,

where 11 is a unit vector perpendicular to both a and b. Since there are two
(opposite) unit vectors that are perpendicular to both of them, we pick 0 to be
the one that is perpendicular to a, b in a right-handed sense.

axb

a

The vector product satisfies the following properties:
(i) axb=-bxa.
(i) axa=
(ili) ax b=0=a = Ab for some A € R (or b =0).
(iv) ax (Ab) = Ala x b).
(v) ax(b+c)=axb+axc.

If we have a triangle OAB, 1ts area is given by 3 |OA| |O?| sinf = 3 |OA X O?|

We define the vector area as 7OA X @ which is often a helpful notion when
we want to do calculus with surfaces
There is a convenient way of calculating vector products:

Proposition.
axb= (ali =+ (ZQj —+ agf() X (bli —+ ij + bgf{)

= (agbg — a3b2)i +

i j k
=|a1 a2 asg
by by bs

2.5 Scalar triple product
Definition (Scalar triple product). The scalar triple product is defined as

[a,b,c] =a- (b xc).

14
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Proposition. If a parallelepiped has sides represented by vectors a, b, ¢ that
form a right-handed system, then the volume of the parallelepiped is given by
[a,b,c].

Proof. The area of the base of the parallelepiped is given by |b||c|sinf = |b X c|.
Thus the volume= |b x c||a|cos¢ = |a- (b x c)|, where ¢ is the angle between
a and the normal to b and c. However, since a, b, ¢ form a right-handed system,
we have a- (b x ¢) > 0. Therefore the volume is a - (b X c). O

Since the order of a, b, ¢ doesn’t affect the volume, we know that
[a,b,c] = [b,c,a] = [c,a,b] = —[b,a,c] = —[a,c,b] = —[c, b, a].
Theorem. ax (b+c¢c)=axb+axc.
Proof. Let d =ax (b+c) —axb—axc. Wehave
d-d=d-[ax(b+c)]—d-(axb)—d-(axc)

=(b+c)-(dxa)—b-(dxa)—c-(dxa)
=0

Thus d = 0. O

2.6 Spanning sets and bases
2.6.1 2D space

Definition (Spanning set). A set of vectors {a, b} spans R? if for all vectors
r € R?, there exist some A, 4 € R such that r = Aa + ub.

In R?, two vectors span the space if a x b # 0.
Theorem. The coefficients A, u are unique.

Proof. Suppose that r = Aa + ub = Na + p'b. Take the vector product with a
on both sides to get (1 — p')a x b = 0. Since a X b # 0, then p = p/. Similarly,
A=N. O

Definition (Linearly independent vectors in R?). Two vectors a and b are
linearly independent if for o, 3 € R, ca+ b =0iff « = 3 =0. In R?, a and b
are linearly independent if a x b # 0.

Definition (Basis of R?). A set of vectors is a basis of R? if it spans R? and
are linearly independent.

Example. {i,j} = {(1,0),(0,1)} is a basis of R2. They are the standard basis
of R2.

15
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2.6.2 3D space

We can extend the above definitions of spanning set and linear independent set
to R3. Here we have

Theorem. If a,b,c € R? are non-coplanar, i.e. a- (b x c) # 0, then they form
a basis of R3.

Proof. For any r, write r = Aa + ub 4 ve. Performing the scalar product
with b x ¢ on both sides, one obtains r- (b xc) =Xa- (b xc)+ ub-(bxc)+
ve- (b x ¢) = Ma,b,c]. Thus A = [r,b,c]/[a,b,c]. The values of ;1 and v can
be found similarly. Thus each r can be written as a linear combination of a, b
and c.

By the formula derived above, it follows that if aa + b + yc = 0, then
o = f =~ =0. Thus they are linearly independent. O

Note that while we came up with formulas for A, and v, we did not actually
prove that these coefficients indeed work. This is rather unsatisfactory. We
could, of course, expand everything out and show that this indeed works, but
in IB Linear Algebra, we will prove a much more general result, saying that if
we have an n-dimensional space and a set of n linear independent vectors, then
they form a basis.

In R3, the standard basis is 1, J, k, or (1,0,0),(0,1,0) and (0,0,1).

2.6.3 R" space
In general, we can define

Definition (Linearly independent vectors). A set of vectors {vi,va,vs-- vy, }
is linearly independent if

m

i=1
Definition (Spanning set). A set of vectors {uj,uz,uz---u,} C R" is a
spanning set of R™ if

(Vx € RM)(FN) Y hiwi =x

i=1

Definition (Basis vectors). A basis of R™ is a linearly independent spanning
set. The standard basis of R" is e; = (1,0,0,---0),e3 = (0,1,0,---0),---e, =
(0,0,0,---,1).

Definition (Orthonormal basis). A basis {e;} is orthonormal if e; - €; = 0 if
i1 # 7 and e; - e; = 1 for all 4, j.

Using the Kronecker Delta symbol, which we will define later, we can write
this condition as e; - e; = d;;.

Definition (Dimension of vector space). The dimension of a vector space is the
number of vectors in its basis. (Exercise: show that this is well-defined)

We usually denote the components of a vector x by x;. So we have x =
($1,$27 e 7$n)'
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Definition (Scalar product). The scalar product of x,y € R" is defined as
Xy =) Tili

The reader should check that this definition coincides with the |x||y|cos 6
definition in the case of R? and R3.

2.6.4 C™ space

C™ is very similar to R™, except that we have complex numbers. As a result, we
need a different definition of the scalar product. If we still defined u-v =5 w;v;,
then if we let u = (0,4), then u-u = —1 < 0. This would be bad if we want to
use the scalar product to define a norm.

Definition (C™). C" = {(z1,22, - ,2n) : z; € C}. It has the same standard
basis as R™ but the scalar product is defined differently. For u,v € C*, u-v =
> wufv;. The scalar product has the following properties:

(i) u-v=(v-u)*
(i) u- (Av+pw) =A(u-v) + p(u-w)
(ili) uvu>0andu-u=0if u=0

Instead of linearity in the first argument, here we have (Au+ pv) - w =
Au-w+ptv-w.

Example.

x +ify | x +ify)

(x+i'y | x) +i*(x+iy |y))

(x| %)+ (=)"(y | x) +i*(x | y) +i"(=i)*(y | ¥))
= (=[x + yP) + (=D y [ %) + (x| y)]

=(IXP+ YD )+ 1 2) (D (x| y)) 1

o
—~ o~

We can prove the Cauchy-Schwarz inequality for complex vector spaces using
the same proof as the real case, except that this time we have to first multiply y
by some e so that x - (¢?y) is a real number. The factor of e? will drop off at
the end when we take the modulus signs.

2.7 Vector subspaces

Definition (Vector subspace). A wvector subspace of a vector space V is a subset
of V that is also a vector space under the same operations. Both V' and {0} are
subspaces of V. All others are proper subspaces.

A useful criterion is that a subset U C V is a subspace iff

(i) x,yeU= (x+y)eU.

17
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(ii) x € U = Ax € U for all scalars A.
(ifi) 0 € U.

This can be more concisely written as “U is non-empty and for all x,y € U,
(Ax +py) € U”.

Example.

(i) If {a, b, c} is a basis of R3, then {a + ¢,b + c} is a basis of a 2D subspace.
Suppose x,y € span{a+ c,b + c}. Let

x=a1(a+c)+ pi(b+c);
y =az(a+c)+ fa2(b +c).

Then
X+ 1y = (Aas + paz) (@ + €) + (ABy + pufh) (b + ¢) € spanfa + ¢, b+ c}.

Thus this is a subspace of R3.

Now check that a+c,b+ c is a basis. We only need to check linear
independence. If a(a+c) + (b + ¢) =0, then aa+ b + (a+ f)c = 0.
Since {a,b,c} is a basis of R3, therefore a, b, ¢ are linearly independent
and o = 8 = 0. Therefore a + ¢, b + ¢ is a basis and the subspace has
dimension 2.

(ii) Given a set of numbers a;, let U = {x € R" : > | ayz; = 0}. We show
that this is a vector subspace of R™: Take x,y € U, then consider A\x + uy.
We have > a;(Ax; + pyi) = A ey + > azy; = 0. Thus Ax+ py € U.

The dimension of the subspace is n — 1 as we can freely choose xz; for
i=1,---,n—1 and then x, is uniquely determined by the previous z;’s.

(iii) Let W = {x € R" : > a;x; = 1}. Then > a;(A\x; + pyi) = A+ p # 1.
Therefore W is not a vector subspace.

2.8 Suffix notation

Here we are going to introduce a powerful notation that can help us simplify a
lot of things.

First of all, let v € R?. We can write v = vie; + v2es + vzez = (v1,v2,03).
So in general, the ith component of v is written as v;. We can thus write
vector equations in component form. For example, a = b — a; = b; or
c = aa—+ b — ¢; = aa; + Bb;. A vector has one free suffix, i, while a scalar
has none.

Notation (Einstein’s summation convention). Consider a sum x -y = Y 2;y;.
The summation convention says that we can drop the Y symbol and simply
write x - y = x;y;. If suffixes are repeated once, summation is understood.
Note that ¢ is a dummy suffix and doesn’t matter what it’s called, i.e.
TiYi = XTjY; = TrYr etc.
The rules of this convention are:

(i) Suffix appears once in a term: free suffix

18
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(ii) Suffix appears twice in a term: dummy suffix and is summed over
(iii) Suffix appears three times or more: WRONG!
Example. [(a-b)c — (a-c)b]; = a;bjc; — a;c;b; summing over j understood.

It is possible for an item to have more than one index. These objects are
known as tensors, which will be studied in depth in the TA Vector Calculus
course.

Here we will define two important tensors:

Definition (Kronecker delta).

We have
511 512 513 1 0 0
521 522 523 =10 1 0] =1
031 032 033 0 0 1

So the Kronecker delta represents an identity matrix.

Example.
(i) @id;1 = ai. In general, a;0;; = a; (i is dummy, j is free).
(i) ;0% = Oik
(iii) 65 = n if we are in R"™.
(iv) apdpgbg = apby, with p, ¢ both dummy suffices and summed over.

Definition (Alternating symbol €;;;). Consider rearrangements of 1,2,3. We
can divide them into even and odd permutations. Even permutations include
(1,2,3), (2,3,1) and (3,1,2). These are permutations obtained by performing
two (or no) swaps of the elements of (1,2,3). (Alternatively, it is any “rotation”
of (1,2,3))
The odd permutations are (2,1,3), (1,3,2) and (3,2,1). They are the
permutations obtained by one swap only.
Define
+1 ¢jk is even permutation
€ijk = § —1 7k is odd permutation

0  otherwise (i.e. repeated suffices)

€ijk has 3 free suffices.
We have €123 = €231 = €312 = +1 and €213 = €132 = €321 = —1. €112 =
€111 = - = 0.

We have

(i) €indjn = €ij; =0

(11) If Qi = QAkj (1e [£%7] is Symmetric), then EijkQjk = EijkQk; = —Eikjakyj-
Since €505 = €ikjar; (we simply renamed dummy suffices), we have
EijkQjk = 0.

19



2 Vectors TA Vectors and Matrices

Proposition. (a x b); = e;j,a,bx
Proof. By expansion of formula O
Theorem. ¢;jiEipg = OjpOrg — 0gOkp
Proof. Proof by exhaustion:
+1 ifj=pand k=q
RHS=4¢-1 ifj=qandk=0p

0 otherwise

LHS: Summing over ¢, the only non-zero terms are when j,k # i and p, q # .
If j=pand k =¢q, LHS is (—1)? or (+1)2 = 1. If j = g and k = p, LHS is
(+1)(—=1) or (—1)(4+1) = —1. All other possibilities result in 0. O

Equally, we have EijkEpgk = 5ip6jq — 5jp5,;q and €ijkEpjq = 5ip5kq — 5“1(;]@.

Proposition.
a-(bxc)=b-(cxa)

Proof. In suffix notation, we have
a- (b X C) = al(b X C)i = Eijkbjckai = sjk,-bjckai =b- (C X a). L]
Theorem (Vector triple product).
ax(bxc)=(a-c)b—(a-b)c.
Proof.
[ax (bxc)], =¢eijra;(bxc)

= €ijkEkpg;bpCq

= €ijkEpqk;bpCq

= (dipdjq — Giq0jp)a;bpcq

= ajbicj — ajcibj
=(a-c)b — (a-b)g O

Similarly, (ax b) x c=(a-c)b— (b c)a.

Spherical trigonometry
Proposition. (axb)-(axc)=(a-a)(b-c)—(a-b)(a-c).
Proof.
LHS = (a x b);(a x c);
= €ijka;jbkEipgapCq
= (0pOrq — 0jqOkp)ajbrapcy
= a;brajcr — ajbrarc;
=(a-a)(b-c)—(a-b)(a-c) O
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Consider the unit sphere, center O, with a, b, ¢ on the surface.

Suppose we are living on the surface of the sphere. So the distance from A to B is
the arc length on the sphere. We can imagine this to be along the circumference
of the circle through A and B with center O. So the distance is ZAO B, which we

shall denote by 6(A, B). So a-b = cos LZAOB = cos (A, B). We obtain similar
expressions for other dot products. Similarly, we get |a x b| = sin§(A, B).

(axb)-(axc)
|a x blla x c

_b-c—(a-b)(a-c)

~ |axb|laxc]

CoOSx =

Putting in our expressions for the dot and cross products, we obtain
cosasind(A, B)sind(A,C) = cos§(B,C) — cos§(A, B) cos§(A, C).

This is the spherical cosine rule that applies when we live on the surface of a
sphere. What does this spherical geometry look like?
Consider a spherical equilateral triangle. Using the spherical cosine rule,

cosd —cos®d 1

coser = sin?§ T 1+cosd

Since cosd < 1, we have cosa < % and « > 60°. Equality holds iff 6 = 0, i.e. the
triangle is simply a point. So on a sphere, each angle of an equilateral triangle is
greater than 60°, and the angle sum of a triangle is greater than 180°.

2.9 Geometry
2.9.1 Lines

Any line through a and parallel to t can be written as
x =a-+ At.
By crossing both sides of the equation with t, we have

Theorem. The equation of a straight line through a and parallel to t is

(x—a)xt=0orxxt=axt.
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2.9.2 Plane

To define a plane II, we need a normal n to the plane and a fixed point b. For
any x € II, the vector x — b is contained in the plane and is thus normal to n,
ie. (x—b)-n=0.

Theorem. The equation of a plane through b with normal n is given by
X-n=D>b-n.

If n = 11 is a unit normal, then d = x - i = b - 01 is the perpendicular distance
from the origin to II.
Alternatively, if a, b, c lie in the plane, then the equation of the plane is

(x—a)-[(b—a)x(c—a)]=0.
Example.

(i) Consider the intersection between a line x X t = a x t with the plane
x-n =Db-n. Cross n on the right with the line equation to obtain

(x-nt—(t-n)x=(axt)xn
Eliminate x-n usingx-n=b-n

(t-n)x=(b-n)t—(axt)xn
Provided t - n is non-zero, the point of intersection is

(b~n)t—(a><t)><n.
t-n

X =

Exercise: what if t - n = 07

(ii) Shortest distance between two lines. Let Ly be (x —aj) x t; =0 and Ly
be (x —ag) x t2 = 0.

The distance of closest approach s is along a line perpendicular to both L,
and Lo, i.e. the line of closest approach is perpendicular to both lines and
thus parallel to t; x to. The distance s can then be found by projecting

t1 Xto

a; —ag onto ty X to. Thus s = |(a; — ag) - e |-

2.10 Vector equations

Example. x — (x X a) X b = ¢. Strategy: take the dot or cross of the equation
with suitable vectors. The equation can be expanded to form

x—(x-b)a+(a-b)x=c.
Dot this with b to obtain

x-b—(x-b)(a-b)+(a-b)(x-b)=c-b
x-b=c-b
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Substituting this into the original equation, we have
x(1+a-b)=c+(c-b)a
If (1+a-b) is non-zero, then

_c+(c-b)a
~ 1l+a-b
Otherwise, when (1 +a-b) = 0, if ¢+ (c-b)a # 0, then a contradiction is

reached. Otherwise, x - b = ¢ - b is the most general solution, which is a plane
of solutions.
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3 Linear maps

A linear map is a special type of function between vector spaces. In fact, most
of the time, these are the only functions we actually care about. They are maps
that satisfy the property f(Aa+ ub) = Af(a) + puf(b).

We will first look at two important examples of linear maps — rotations and
reflections, and then study their properties formally.

3.1 Examples
3.1.1 Rotation in R?

In R3, first consider the simple cases where we rotate about the z axis by 6. We
call this rotation R and write x’ = R(x).

Suppose that initially, x = (z,y,2) = (rcos¢,rsing,z). Then after a
rotation by 6, we get

x' = (rcos(¢p + 0),rsin(¢ + 0), 2)
= (rcos¢cosf — rsin¢sin b, rsin ¢ cos § + r cos psinb, z)
= (zcos@ —ysinb, zsinf + ycos b, z).

We can represent this by a matrix R such that «} = R;;x;. Using our formula
above, we obtain

cosf —sinf O
R=|sinf cosf 0O
0 0 1

Now consider the general case where we rotate by 6 about n.

A/

—
We have x’ = O? + B? 4+ CA’. We know that

OB = (i~ x)i
ﬁ:BHACOSG
= (B@—i—ﬁ)cos@

= (—(h-x)h +x)cosb

— — = —
Finally, to get C'A, we know that |[CA’| = |[BA’|sinf = |BA|sinf = | x x|sin¥.

Also, C A’ is parallel to i x x. So we must have CA’ = (i x x) sinf.
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Thus x’ = xcosf 4 (1 — cos#)(h - x)ii + fi X xsinf. In components,
x, = x;cos0 + (1 — cosO)njxjn; — ;2 n Sin 6.
We want to find an R such that 2} = R;;z;. So
R;j = d;5cos0 4 (1 — cosO)n;n; — g;,ny sin 6.

3.1.2 Reflection in R?

Suppose we want to reflect through a plane through O with normal n. First of
all the projection of x onto 1 is given by (x - n)i. So we get x’ = x — 2(x - A)1.
In suffix notation, we have z = z; — 2z;n;n;. So our reflection matrix is
Rij = 57;j — 2nmj.

3.2 Linear Maps

Definition (Domain, codomain and image of map). Consider sets A and B
and mapping T : A — B such that each x € A is mapped into a unique
2’ =T(x) € B. Ais the domain of T and B is the co-domain of T. Typically,
we have T : R" - R™ or T : C* — C™.

Definition (Linear map). Let V, W be real (or complex) vector spaces, and
T:V — W. Then T is a linear map if

(i) T(a+b)=T(a)+T(b) for all a,b € V.

(ii) T (Aa) = AT'(a) for all A € R (or C).
Equivalently, we have T'(A\a + ub) = AT'(a) + uT'(b).
Example.

(i) Consider a translation T : R?* — R3 with T'(x) = x + a for some fixed,
given a. This is not a linear map since T(Ax + py) # Ax + py + (A + p)a.

(ii) Rotation, reflection and projection are linear transformations.

Definition (Image and kernel of map). The image of a map f: U — V is the
subset of V {f(u) : u € U}. The kernel is the subset of U {u € U : f(u) = 0}.

Example.
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(i) Consider S : R® — R? with S(z,y,2) = (z + y,2z — 2). Simple yet
tedious algebra shows that this is linear. Now consider the effect of S on
the standard basis. S(1,0,0) = (1,2), S(0,1,0) = (1,0) and S(0,0,1) =
(0, —1). Clearly these are linearly dependent, but they do span the whole
of R?. We can say S(R3) = R2. So the image is R?.

Now solve S(x,y,z) = 0. We need x +y =0 and 2z — z = 0. Thus x =
(x,—x,2z), i.e. it is parallel to (1,—1,2). So the set {A\(1,—1,2): A € R}
is the kernel of S.

(ii) Consider a rotation in R3. The kernel is the zero vector and the image is
R3.
(iii) Consider a projection of x onto a plane with normal fi. The image is the

plane itself, and the kernel is any vector parallel to i

Theorem. Consider a linear map f : U — V, where U,V are vector spaces.
Then im(f) is a subspace of V', and ker(f) is a subspace of U.

Proof. Both are non-empty since f(0) = 0.

If x,y € im(f), then 3a,b € U such that x = f(a),y = f(b). Then
x4 py = Af(a) + pf(b) = f(Aa+ ub). Now Aa+ ub € U since U is a vector
space, so there is an element in U that maps to Ax + py. So Ax + uy € im(f)
and im(f) is a subspace of V.

Suppose x,y € ker(f), i.e. f(x) = f(y) =0. Then f(Ax+ py) = M\f(x) +
wf(y) = A0 + u0 = 0. Therefore Ax + uy € ker(f). O
3.3 Rank and nullity

Definition (Rank of linear map). The rank of a linear map f : U — V, denoted
by r(f), is the dimension of the image of f.

Definition (Nullity of linear map). The nullity of f, denoted n(f) is the
dimension of the kernel of f.

Example. For the projection onto a plane in R3, the image is the whole plane
and the rank is 2. The kernel is a line so the nullity is 1.

Theorem (Rank-nullity theorem). For a linear map f: U — V,
r(f) +n(f) = dim(U).

Proof. (Non-examinable) Write dim(U) = n and n(f) = m. If m = n, then f is
the zero map, and the proof is trivial, since r(f) = 0. Otherwise, assume m < n.

Suppose {e1,es, - ,e,} is a basis of ker f, Extend this to a basis of the
whole of U to get {e1,eqa, - ,em,€mt1, - ,€,}. To prove the theorem, we
need to prove that {f(em+1), f(€m+2), - f(en)} is a basis of im(f).

(i) First show that it spans im(f). Take y € im(f). Thus 3x € U such that
y = f(x). Then

v = f(are1 + ages + - - + aney),
since ey, - - - e, is a basis of U. Thus

y =aif(er) +asf(ex) +- - +amf(en) +amirf(emir) +- - +anf(en).
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The first m terms map to 0, since eq, - - - ey, is the basis of the kernel of f.
Thus

Yy = am+1f(em+1) + -+ anf(en)-

(ii) To show that they are linearly independent, suppose

am,+1f(em+1) + -+ anf(en,) =0.

Then
f(am+1em+1 +-- anen) =0.

Thus apt1€mt1 + - + ape, € ker(f). Since {e1, - , e, } span ker(f),
there exist some aq, s, - - -y, such that

AUm+1€m+1 +--tope, =11+ ey

But e; - - - e, is a basis of U and are linearly independent. So «; = 0 for all 4.
Then the only solution to the equation a1 f(€me1)+ - -+ anf(e,) =0
is a; = 0, and they are linearly independent by definition. O

Example. Calculate the kernel and image of f : R® — R3, defined by f(z,y,2) =
(x+y+2z2c—y+5z,x+2z2).
First find the kernel: we’ve got the system of equations:

zT+y+2=0
20 —y+52=0
r+22=0

Note that the first and second equation add to give 3x 46z = 0, which is identical
to the third. Then using the first and third equation, we have y = —x — z = 2.
So the kernel is any vector in the form (—2z, z, z) and is the span of (-2, 1,1).

To find the image, extend the basis of ker(f) to a basis of the whole of R3:
{(-2,1,1),(0,1,0),(0,0,1)}. Apply f to this basis to obtain (0,0,0), (1,—1,0)
and (1,5,2). From the proof of the rank-nullity theorem, we know that f(0,1,0)
and f(0,0,1) is a basis of the image.

To get the standard form of the image, we know that the normal to the plane
is parallel to (1,—-1,0) x (1,5,2) || (1,1, —3). Since 0 € im(f), the equation of
the plane is x +y — 32 = 0.

3.4 Matrices

In the examples above, we have represented our linear maps by some object R
such that 2} = R;jz;. We call R the matriz for the linear map. In general, let
a: R™ — R™ be a linear map, and x’ = a(x).

Let {e;} be a basis of R”. Then x = z;e; for some x;. Then we get

x' = a(zje;) = vjale;).

So we get that

;= [a(e;)]iw;-
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We now define A;; = [a(e;)];. Then x} = A;jz;. We write

App o A
A={Agr=| a4,
Aml o Amn
Here A;; is the entry in the ith row of the jth column. We say that A is an
m X n matrix, and write x’ = Ax.

We see that the columns of the matrix are the images of the standard basis
vectors under the mapping a.

Example.

3.4.1 Examples

(i) In R2, consider a reflection in a line with an angle 6 to the x axis. We
know that i — cos26i + sin 26j , with j — — cos 26j + sin 260i. Then the

matrix is <cos 20  sin26 )
sin20 — cos 26
(ii) In R3, as we've previously seen, a rotation by § about the z axis is given
by
cosf) —sinf 0
R=|sinf cosf O
0 0 1

(iii) In R?, a reflection in plane with normal A is given by R;; = &;; — 2.
Written as a matrix, we have

1-232 —2hih  —201hs
20y 1— 232 —2hig
—203fy  —2hshs 1 — 203

(iv) Dilation (“stretching”) a : R® — R3 is given by a map (z,y,2) —
(A\z, py, vz) for some A, i, v. The matrix is

A0
0 n
0 0

R OO

(v) Shear: Consider S : R?® — R? that sheers in the z direction:

Y

sheer in z direction
Pt

x x’

> T
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We have (z,y,2) — (x + \y,y,2). Then

S:

S O =
O = >
_ o O

3.4.2 Matrix Algebra

This part is mostly on a whole lot of definitions, saying what we can do with
matrices and classifying them into different types.

Definition (Addition of matrices). Consider two linear maps «, 5 : R — R™.
The sum of a and § is defined by

(a+B)(x) = a(x) + B(x)
In terms of the matrix, we have
(A+ B)ijwj = Aijj + Bijx,
or
(A+ B)i; = Aij + Byj.

Definition (Scalar multiplication of matrices). Define (Aa)x = Ala(x)]. So

Definition (Matrix multiplication). Consider maps a : R — R and f :
R" — R™. The composition is fa : R¢ — R™. Take x € R’ — x”” € R™.
Then x” = (BA)x = Bx/, where x’ = Ax. Using suffix notation, we have
l’;/ = (BX/)Z' = bzkx; = BikAkj.’Ej. But l’;/ = (BA)Z](EJ So

(BA)ij = Big A

Generally, an m X n matrix multiplied by an n x £ matrix gives an m X £ matrix.
(BA);j is given by the ith row of B dotted with the jth column of A.

Note that the number of columns of B has to be equal to the number of rows
of A for multiplication to be defined. If £ = m as well, then both BA and AB
make sense, but AB # BA in general. In fact, they don’t even have to have the
same dimensions.

Also, since function composition is associative, we get A(BC) = (AB)C.

Definition (Transpose of matrix). If A is an m x n matrix, the transpose AT
is an n x m matrix defined by (AT);; = Aj;.

Proposition.
(i) (AT)T = A,
T
T2
(ii) If x is a column vector | . |, xT is a row vector (z1 Tg -~ p)-
Tn
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(111) (AB)T = BTAT since (AB);Z; = (AB)]Z = AJkBkZ = BkiAjk
= (BT)i(AT); = (BTAT);;.

Definition (Hermitian conjugate). Define AT = (AT)*. Similarly, (AB)" =
BTAT.

Definition (Symmetric matrix). A matrix is symmetric if AT = A.

Definition (Hermitian matrix). A matrix is Hermitian if AT = A. (The diagonal
of a Hermitian matrix must be real).

Definition (Anti/skew symmetric matrix). A matrix is anti-symmetric or skew
symmetric if AT = —A. The diagonals are all zero.

Definition (Skew-Hermitian matrix). A matrix is skew-Hermitian if AT = —A.
The diagonals are pure imaginary.

Definition (Trace of matrix). The trace of an n x n matrix A is the sum of the
diagonal. tr(A4) = A;.

Example. Consider the reflection matrix R;; = d;; — 27;7;. We have tr(A) =
R;=3-2n-n=3-2=1.

Proposition. tr(BC) = tr(CB)
Proof. tl“(BC) = B;;,Cr; = CriBip, = (CB)kk = tI"(CB) O

Definition (Identity matrix). I = d;;.

3.4.3 Decomposition of an n x n matrix

Any n x n matrix B can be split as a sum of symmetric and antisymmetric parts.
Write

1 1
Bij = 5 (Bij + Bji) + 5(Bij — Bji) .
Si]' Ai]‘
We have S;; = Sj;, so S is symmetric, while Aj; = —A;;, and A is antisymmetric.

SoB=S5+ A.
Furthermore , we can decompose S into an isotropic part (a scalar multiple
of the identity) plus a trace-less part (i.e. sum of diagonal = 0). Write

1 1
Sij = — t1(8)diy + (Sij — — t2(5)di;) -
———

isotropic part T;;

We have tI‘(T) = Tii = S“ — %tl‘(S)(S“ = tI‘(S) — %U‘(S) (’I’L) =0.
Putting all these together,

B= %tr(B)I + {;(B + BT) - letr(B)I} + %(B - BT).

In three dimensions, we can write the antisymmetric part A in terms of a single
vector: we have

0 a —b
A=|—-a 0 c
b —c 0
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and we can consider

0 w3 —W
Eijhwr = | —w3z 0 w1
w2 —W1 0

So if we have w = (¢, b, a), then A;; = &;;xwg.

This decomposition can be useful in certain physical applications. For
example, if the matrix represents the stress of a system, different parts of the
decomposition will correspond to different types of stresses.

3.4.4 Matrix inverse

Definition (Inverse of matrix). Consider an m x n matrix A and n x m matrices
B and C. If BA = I, then we say B is the left inverse of A. If AC = I, then
we say C'is the right inverse of A. If A is square (n x n), then B = B(AC) =
(BA)C = O, i.e. the left and right inverses coincide. Both are denoted by A~!,
the inverse of A. Therefore we have

AAT =A"TA=1T.

Note that not all square matrices have inverses. For example, the zero matrix
clearly has no inverse.

Definition (Invertible matrix). If A has an inverse, then A is invertible.
Proposition. (4B)~! = B~1A~!
Proof. (B-'A"')(AB) = B-\(A"'A)B=B"'B=1. O

Definition (Orthogonal and unitary matrices). A real nxn matrix is orthogonal
if ATA = AAT =1, ie. AT = A7'. A complex n x n matrix is unitary if
UtU =0UY =1, ie. U =U".

Note that an orthogonal matrix A satisfies A,-k(Afj) = 0;5, 1.e. AigAjr = 0.
We can see this as saying “the scalar product of two distinct rows is 0, and the
scalar product of a row with itself is 17. Alternatively, the rows (and columns —
by considering A7) of an orthogonal matrix form an orthonormal set.

Similarly, for a unitary matrix, Uz-k.U,ij = 0y, i.e. Uik UJp, = UjpUjk = 0;5. i.e.
the rows are orthonormal, using the definition of complex scalar product.

Example.

(i) The reflection in a plane is an orthogonal matrix. Since R;; = §;; — 2n;n;,
We have

RikRjk = (5ik — Q’Rﬂlk)(djk — annk.)
= 5ik6jk — 25j;€nink — 26Z-knjn;€ + anknjnk
= (Sij — 2774777 — 2n]-ni + 47’LiTLj (le’nk)
= 5ij
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(ii) The rotation is an orthogonal matrix. We could multiply out using suffix
notation, but it would be cumbersome to do so. Alternatively, denote
rotation matrix by 6 about f as R(6,7). Clearly, R(f,1)~! = R(—0,1).
We have

R;;(—6,0) = (cos 0)d;; + nin;(1 — cos@) + e;j5ny sin 6
= (cos6)dj; + njn;(1 — cos ) — e;;,ny siné
= R;ji(0,1)

In other words, R(—6,h) = R(,4)T. So R(6,4)~! = R(6,7)T.

3.5 Determinants

Consider a linear map a : R? — R3. The standard basis e, €2, e3 is mapped to
e}, eh, e; with e, = Ae;. Thus the unit cube formed by ej, eq, e3 is mapped to
the parallelepiped with volume

el 5, e5] = €1 (e])i(es)(e5)k
= cijrAic (1) Ajm (€2)m Akn (€3)n
Nl —— ~—
51[ 62m 6371
= gijrAinAjoArs
We call this the determinant and write as
A A Asg
det(A) = |Ayy Ay Aos
Asgy Aszy Asg

3.5.1 Permutations

To define the determinant for square matrices of arbitrary size, we first have to
consider permutations.

Definition (Permutation). A permutation of a set S is a bijection ¢ : § — S.

Notation. Consider the set S,, of all permutations of 1,2,3,--- ;n. S, contains
n! elements. Consider p € S,, with i — p(i). We write

B < 1 2 ... n )
PN P2 e p)
Definition (Fixed point). A fized point of p is a k such that p(k) = k. e.g. in

(i ? g 3), 3 is the fixed point. By convention, we can omit the fixed point

. 1 2 4
and write as (4 1 2).

Definition (Disjoint permutation). Two permutations are disjoint if numbers

1 2 4 5 6\
5 6 1 4 2) o
2 6\ (1 4 5 . . -
(6 2) <5 1 4>, and the two cycles on the right hand side are disjoint.
Disjoint permutations commute, but in general non-disjoint permutations do
not.

moved by one are fixed by the other, and vice versa. e.g. (
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Definition (Transposition and k-cycle). (2 g is a 2-cycle or a transposition,

and we can simply write (2 6). L4 5) is a 3-cycle, and we can simply write

5 1 4
(154). (1 is mapped to 5; 5 is mapped to 4; 4 is mapped to 1)

Proposition. Any g¢-cycle can be written as a product of 2-cycles.

Proof. (123 ---n)=(12)(23)(34)---(n—1n). O
Definition (Sign of permutation). The sign of a permutation e(p) is (—1)",
where 7 is the number of 2-cycles when p is written as a product of 2-cycles. If
g(p) = +1, it is an even permutation. Otherwise, it is an odd permutation. Note

that e(po) = e(p)e(o) and e(p~t) = &(p).
The proof that this is well-defined can be found in IA Groups.
Definition (Levi-Civita symbol). The Levi-Civita symbol is defined by
+1 if j1j2j3 - jn is an even permutation of 1,2,---n
€jijo-jn = 4 —1 if it is an odd permutation
0 if any 2 of them are equal
Clearly, 5p(1)p(2)~-p(n) = E(p).

Definition (Determinant). The determinant of an n x n matrix A is defined as:

det(A) = Z 5(J)Aa(1)1Aa(2)2 : "Aa(n)m
oEeS,

or equivalently,
det(A) = €j1j2~-jnAj11Aj22 s Ajnn~

Proposition.
a b
c d

‘—ad—bc

3.5.2 Properties of determinants
Proposition. det(A) = det(AT).

Proof. Take a single term A, (1)1 As(2)2 "+ Ag(n)n and let p be another permuta-
tion in S,,. We have

As14o@)2 Aomin = Ao (p(1))p(1) Ao (0(2)p(2) * ** Ao (p(n))p(n)

since the right hand side is just re-ordering the order of multiplication. Choose
p=o0"1 and note that £(c) = (p). Then

det(A) = Z E(p)Alp(l)Agp(g) s Anp(n) = det(AT). O]
PESH

Proposition. If matrix B is formed by multiplying every element in a single row
of A by a scalar A, then det(B) = Adet(A). Consequently, det(AA) = A" det(A).
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Proof. Each term in the sum is multiplied by A, so the whole sum is multiplied
by A™. O

Proposition. If 2 rows (or 2 columns) of A are identical, the determinant is 0.

Proof. wlog, suppose columns 1 and 2 are the same. Then

det(A) = Z 5(0)A0(1)1A0(2)2 to Aa(n)n~
oESy

Now write an arbitrary o in the form ¢ = p(1 2). Then e(0) = (p)e((1 2)) =
—e(p). So

det(A) = Z —e(p)Ap2)1Ap1)2453)3  * Ap(n)n-
pPESR

But columns 1 and 2 are identical, so A,2)1 = A,2)2 and Ayqy2 = A,1)1- So
det(A) = — det(A) and det(A) = 0. O

Proposition. If 2 rows or 2 columns of a matrix are linearly dependent, then
the determinant is zero.

Proof. Suppose in A, (column r) + A(column s) = 0. Define

B _ Ajj J#ET
N Aij+ M5 =1

Then det(B) = det(A) + Adet(matrix with column r = column s) = det(A).
Then we can see that the rth column of B is all zeroes. So each term in the sum
contains one zero and det(A) = det(B) = 0. O

Even if we don’t have linearly dependent rows or columns, we can still run
the exact same proof as above, and still get that det(B) = det(A). Linear
dependence is only required to show that det(B) = 0. So in general, we can add
a linear multiple of a column (or row) onto another column (or row) without
changing the determinant.

Proposition. Given a matrix A, if B is a matrix obtained by adding a multiple
of a column (or row) of A to another column (or row) of A, then det A = det B.

Corollary. Swapping two rows or columns of a matrix negates the determinant.
Proof. We do the column case only. Let A= (a;---a;---a;---a,). Then
det(al...ai...aj...an) :det(al..al_i'_aja]an)
=det(a;---a;+a;---a; — (a; +a;) --ay)
:det(al...aj..._ai...an)

Alternatively, we can prove this from the definition directly, using the fact that
the sign of a transposition is —1 (and that the sign is multiplicative). O

Proposition. det(AB) = det(A) det(B).
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Proof. First note that Y e(0)Asq)p(1)As(2)p2) = €(p) det(A), i.e. swapping
columns (or rows) an even/odd number of times gives a factor +1 respectively.
We can prove this by writing o = up.
Now
det AB = &(0)(AB) (1)1 (AB)o(2)2 -+ (AB)o(nyn

s

Z e(o) Z Ag(1yky Bei1 - Ag(n)ky, Ban
kika,ee kn

> B Biyn Y e(0) Aok Ac@pts -+ Ac(nk,
k17”. 7kn

o2

S

Now consider the many different S’s. If in .S, two of k1 and k,, are equal, then S
is a determinant of a matrix with two columns the same, i.e. S = 0. So we only
have to consider the sum over distinct k;s. Thus the k;s are are a permutation
of 1,---m, say k; = p(i). Then we can write

det AB= " Byayi By D £(0) As1)p1) -+ As(myp(n)

g

p
= By Bpmn(e(p) det A)

p
= det AZ e(p)Boy1 - By(nyn
p

=det Adet B O

Corollary. If A is orthogonal, det A = +1.
Proof.
AAT =T
det AAT = det T
det Adet AT =1
(det A)* =1
det A =+1 O
Corollary. If U is unitary, |det U| = 1.
Proof. We have detUT = (detUT)* = det(U)*. Since UUT = I, we have
det(U) det(U)* = 1. O

Proposition. In R?, orthogonal matrices represent either a rotation (det = 1)
or a reflection (det = —1).

3.5.3 Minors and Cofactors

Definition (Minor and cofactor). For an n x n matrix A, define A¥ to be the
(n —1) x (n — 1) matrix in which row ¢ and column j of A have been removed.
The minor of the ijth element of A is M;; = det A%
The cofactor of the ijth element of A is A;; = (—1)"M;;.
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Notation. We use ~ to denote a symbol which has been missed out of a natural
sequence.

Example. 1,2,3,5=1,2,3,4,5.

The significance of these definitions is that we can use them to provide a
systematic way of evaluating determinants. We will also use them to find inverses
of matrices.

Theorem (Laplace expansion formula). For any particular fixed ¢,

det A = i AﬂAﬂ

=1
Proof.
n n
det A=Y "Aji D EjpeinAiAje A Ay
jl:l jl)”v 7j7)".j"L

Let 0 € S, be the permutation which moves j; to the ith position, and leave
everything else in its natural order, i.e.
o 1 - 4 i4+1 i+2 - 4;—1 Ji ji+1 -+ n
1 g i i+1 - —2 ji—1 ji+1 - n
if j; > i, and similarly for other cases. To perform this permutation, |i — j;|
transpositions are made. So g(o) = (—1)" 7.
Now consider the permutation p € S,

p_(j1 R TR jn)
The composition po reorders (1,---,n) to (ji,J2, - ,jn). S0 €(po) = €j,...5, =

e(p)e(o) = (=1)""Fig; .5, - Hence the original equation becomes

n

det A=Y " Aji > (=D Tej g, A A Ajn

2 4 2
Example. det A =1|3 2 1|. We can pick the first row and have
2 01

2 1 3 1 3 2
waaft Y-aff Yaft
= 2(2-0) — 4(3 - 2) +2(0 — 4)
= -8.
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Alternatively, we can pick the second column and have

301 ]2 2 |2 2
ea=-aft Yo Ao
= —4(3-2)+2(2—4) -0

= -8

In practical terms, we use a combination of properties of determinants with
a sensible choice of i to evaluate det(A).

1 a a?
Example. Consider |1 b b%|. Row 1 - row 2 gives
1 ¢ ¢
0 a—b a®—0? 0 1 a+bd
1 b b2 =(@-b|l b v
1 c c? 1 ¢ c?

Do row 2 - row 3. We obtain

0 1 a+bd
(a=b)(b—c)|0 1 b+c|.
1 ¢

2

Row 1 - row 2 gives

0 0 1
(a—b)(b—c)(a—c)(l) 1 b—i;c:(a—b)(b—c)(a—c).
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4 Matrices and linear equations

4.1 Simple example, 2 x 2

Consider the system of equations

Anzr + Azs = ds (a)
A1 + Agoxo = do. (b)
We can write this as
Ax =d.

If we do (a)xAgoa—(b)x A2 and similarly the other way round, we obtain

(A11A22 — A12A91)z1 = Agady — Ajads
(A11422 — A12A21) 22 = A11de — Asidy

det A

Dividing by det A and writing in matrix form, we have

L1\ _ 1 Aze —An2 dy

T2 det A \—A21  An do
On the other hand, given the equation Ax = d, if A~! exists, then by multiplying
both sides on the left by A~!, we obtain x = A~!d.

Hence, we have constructed A~! in the 2 x 2 case, and shown that the
condition for its existence is det A # 0, with

A~ — 1 Agp  —Aio
det A \—A21  An

4.2 Inverse of an n X n matrix

For larger matrices, the formula for the inverse is similar, but slightly more
complicated (and costly to evaluate). The key to finding the inverse is the
following:

Lemma. > A;;Aj, = 6;5det A.

Proof. 1f i # j, then consider an n X n matrix B, which is identical to A except
the jth row is replaced by the ith row of A. So Aj; of B = Ay, of A, since Ajy,
does not depend on the elements in row j. Since B has a duplicate row, we know
that

n n
0=detB = ZBjkAjk = Z AikAjk~
k=1 k=1

If ¢ = j, then the expression is det A by the Laplace expansion formula. O
Theorem. If det A # 0, then A~! exists and is given by

A™Y, = )
( )is det A
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Proof.

Aki o 5ij det A
det A”M T Tdet A
So A~'A=1. O

(Ail)ikAkj = = (51]

The other direction is easy to prove. If det A = 0, then it has no inverse,
since for any matrix B, det AB = 0, and hence AB cannot be the identity.

1 X0
Example. Consider the shear matrix Sy = [0 1 0 |. We have det S = 1.
0 0 1
The cofactors are
App=1 Ap=0 Ai=0

1 =X 0
SoSyt=10 1 0
0 0 1

How many arithmetic operations are involved in calculating the inverse of an
n X n matrix? We just count multiplication operations since they are the most
time-consuming. Suppose that calculating det A takes f,, multiplications. This
involves n (n—1) x (n— 1) determinants, and you need n more multiplications to
put them together. So f, =nf,_1 +n. So f, = O(n!) (in fact f, = (14 e)n!).

To find the inverse, we need to calculate n? cofactors. Each is a n — 1
determinant, and each takes O((n—1)!). So the time complexity is O(n?(n—1)!) =
O(n - nl).

This is incredibly slow. Hence while it is theoretically possible to solve
systems of linear equations by inverting a matrix, sane people do not do so
in general. Instead, we develop certain better methods to solve the equations.
In fact, the “usual” method people use to solve equations by hand only has
complexity O(n?), which is a much better complexity.

4.3 Homogeneous and inhomogeneous equations
Consider Ax = b where A is an n X n matrix, x and b are n x 1 column vectors.

Definition (Homogeneous equation). If b = 0, then the system is homogeneous.
Otherwise, it’s inhomogeneous.

Suppose det A # 0. Then there is a unique solution x = A~'b (x = 0 for
homogeneous).

How can we understand this result? Recall that det A £ 0 means that the
columns of A are linearly independent. The columns are the images of the stan-
dard basis, €, = Ae;. So det A # 0 means that e} are linearly independent and
form a basis of R™. Therefore the image is the whole of R™. This automatically
ensures that b is in the image, i.e. there is a solution.

To show that there is exactly one solution, suppose x and x’ are both solutions.
Then Ax = Ax’ = b. So A(x —x') = 0. So x — x’ is in the kernel of A. But
since the rank of A is n, by the rank-nullity theorem, the nullity is 0. So the
kernel is trivial. So x —x’ =0, i.e. x = x'.
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4.3.1 Gaussian elimination
Consider a general solution

Anzy + Az + - - + Arpxn = di
Ag1x1 + Agexo + -+ - + Agpxy = do

Amlxl + Am2x2 + -+ Amnxn = dm

So we have m equations and n unknowns.

Assume Aj; # 0 (if not, we can re-order the equations). We can use the
first equation to eliminate z from the remaining (m — 1) equations. Then use
the second equation to eliminate x5 from the remaining (m — 2) equations (if
anything goes wrong, just re-order until things work). Repeat.

We are left with

Anxr + Apxo + Aiszs + -+ Az, = di

n

ANz, + -+ Az, = d,

0= dg-l)l
0=d

Here Al(f) # 0 (which we can achieve by re-ordering), and the superfix (i) refers

to the “version number” of the coefficient, e.g. A(222) is the second version of the

coefficient of x4 in the second row.
Let’s consider the different possibilities:
(i) » < m and at least one of df:zl, cdm) # 0. Then a contradiction is
reached. The system is inconsistent and has no solution. We say it is
overdetermined.

Example. Consider the system

3r1+ 229 +13=3
6x1 + 329+ 323 =0
6.’E1+2£L’2+41’3:6

This becomes

3r1+2x9 +23=3
0—x2+23=—6
O*2I2+2I3:0
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And then

3r1+2x9 +23=3
0-1’2+l’3:—6
0=12

We have dég) = 12 = 0 and there is no solution.

(ii) If r = n < m, and all diﬁgz = 0. Then from the nth equation, there
is a unique solution for z, = dsl") /AﬁZ:B, and hence for all z; by back

substitution. This system is determined.

Example.
2x1 4+ dx0 =2
4z1 + 3z =11
This becomes
2x1 + 5x0 = 2
—Txe =17

So xo = —1 and thus =1 = 7/2.

(iii) If r < n and dfﬁgi =0, then x,41,- -z, can be freely chosen, and there
are infinitely many solutions. System is under-determined. e.g.

T+ 20 =1
2x1 + 229 = 2
Which gives
1 +20 =1
0=0

So 1 =1 — x5 is a solution for any zs.

In the n = m case, there are O(n?) operations involved, which is much less than
inverting the matrix. So this is an efficient way of solving equations.

This is also be related to the determinant. Consider the case where m =n
and A is square. Since row operations do not change the determinant and
swapping rows give a factor of (—1). So

Ayr Al e e e Al
o AP .. .. oAl
dot A — (—1)E | - : . : : :
¢ ( ) 0 0 Agfr) A7(~n,)
0 0o --- 0 0o .-

This determinant is an upper triangular one (all elements below diagonal are 0)
and the determinant is the product of its diagonal elements.

Hence if » < n (and dl(-r) = 0 for ¢ > r), then we have case (ii) and the
det A= 0. If r = n, then det A = (—1)FA;; A ... A1) £ 0.
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4.4 Matrix rank

Consider a linear map « : R — R™. Recall the rank r(«) is the dimension of
the image. Suppose that the matrix A is associated with the linear map. We
also call r(A) the rank of A.

Recall that if the standard basis is eq,---e,, then Aeq,- -, Ae, span the
image (but not necessarily linearly independent).
Further, Aey,--- , Ae, are the columns of the matrix A. Hence r(A) is the

number of linearly independent columns.

Definition (Column and row rank of linear map). The column rank of a matrix
is the maximum number of linearly independent columns.

The row rank of a matrix is the maximum number of linearly independent
rows.

Theorem. The column rank and row rank are equal for any m X n matrix.

Proof. Let r be the row rank of A. Write the biggest set of linearly independent
rows as vi,vs,---vl or in component form vi = (vg1,vk2, " ,Vkn) for k =
1,2, 7.

Now denote the ith row of A as v} = (A;1, A, Ain)-

Note that every row of A can be written as a linear combination of the v’s.
(If r; cannot be written as a linear combination of the v’s, then it is independent
of the v’s and v is not the maximum collection of linearly independent rows)

Write
-
T Z T
k=1

For some coefficients C;, with 1 <i<mand 1 <k <r.
Now the elements of A are

Aij = (r)] = Cix(vi);,
k=1

or
Ay Cix
Asj r Cox
. = Z Vi .
: P :
Amj ka

So every column of A can be written as a linear combination of the r column
vectors ¢;. Then the column rank of A < r, the row rank of A.

Apply the same argument to A” to see that the row rank is < the column
rank. O

4.5 Homogeneous problem Ax =0

We restrict our attention to the square case, i.e. number of unknowns = number
of equations. Here A is an n X n matrix. We want to solve Ax = 0.

First of all, if det A # 0, then A~! exists and x~! = A~10 = 0, which is the
unique solution. Hence if Ax = 0 with x # 0, then det A = 0.
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4.5.1 Geometrical interpretation

We consider a 3 x 3 matrix

— [T
A=|r;

Ax = 0 means that r; - x = 0 for all i. Each equation r; - x = 0 represents a
plane through the origin. So the solution is the intersection of the three planes.
There are three possibilities:

(i) If det A = [ry,r2,13] # 0, span{r;,ro,r3} = R3 and thus r(A4) = 3. By
the rank-nullity theorem, n(A) = 0 and the kernel is {0}. So x = 0 is the
unique solution.

(ii) If det A = 0, then dim(span{r;,rs,r3}) =1 or 2.

(a) If rank = 2, wlog assume ri,rs are linearly independent. So x lies
on the intersection of two planes x -r; = 0 and x - ro = 0, which is
the line {x € R?: x = Ar; x ra} (Since x lies on the intersection of
the two planes, it has to be normal to the normals of both planes).
All such points on this line also satisfy x - r3 = 0 since r3 is a linear
combination of r; and ry. The kernel is a line, n(A) = 1.

(b) Ifrank =1, then ry,ro, r3 are parallel. Sox-r; =0 = xry =x13 =0.
So all x that satisfy x-r; = 0 are in the kernel, and the kernel now is
a plane. n(A4) = 2.

(We also have the trivial case where r(A) = 0, we have the zero mapping and
the kernel is R?)

4.5.2 Linear mapping view of Ax =0

In the general case, consider a linear map «a : R* — R"™ x — x’ = Ax. The
kernel k(A) = {x € R" : Ax = 0} has dimension n(A).

(i) If n(A) = 0, then A(e;), A(ez),- -, A(ey) is a linearly independent set,

and r(A) = n.
(ii) If n(A) > 0, then the image is not the whole of R™. Let {u;},i =
1,--- ,n(A) be a basis of the kernel, i.e. so given any solution to Ax = 0,
n(A)

X = Z Aiu; for some \;. Extend {u;} to be a basis of R™ by introducing
i=1

extra vectors u; for i = n(A) + 1,--- ,n. The vectors A(u;) for i =

n(A) +1,--- ,n form a basis of the image.

4.6 General solution of Ax =d

Finally consider the general equation Ax = d, where A is an n X n matrix and
x,d are n X 1 column vectors. We can separate into two main cases.

(i) det(A) #0. So A~! exists and n(A) =0, r(A) = n. Then for any d € R,

a unique solution must exists and it is x = A~'d.
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(ii) det(A) = 0. Then A~! does not exist, and n(A) > 0, r(4) < n. So the
image of A is not the whole of R".

(a) If d € im A, then there is no solution (by definition of the image)

(b) If d € im A, then by definition there exists at least one x such that
Ax = d. The general solution of Ax = d can be written as x = x¢+Yy,
where x¢ is a particular solution (i.e. Axg = d), and y is any vector
in ker A (i.e. Ay = 0). (cf. Isomorphism theorem)

If n(A) = 0, then y = 0 only, and then the solution is unique (i.e.
case (1)). If n(A) > 0, then {u;},i = 1,--- ,n(A) is a basis of the

kernel. Hence
n(A)
y=> puy,
=1

n(A)
X = Xq + Z Mg

j=1

SO

for any p;, i.e. there are infinitely many solutions.

1)E)=6)

We have det A =1 —a. If a # 1, then A~! exists and
A7l = r_ 1 L
l-a 1—-al\-a 1)°

1 1-b

X=— :

l—a\—-a+b
(1t 22\ 1
Ax—<x1+x2)—($1+x2) (1)

So im A = span { <1)} and ker A = span{<_11> } If b #£ 1, then (11)) Zim A

and there is no solution. If b = 1, then 11) € im A.

Example.

Then

If a =1, then

We find a particular solution of (é) So The general solution is

()

Example. Find the general solution of

a a b T 1
b a a yl=1|c
a b a z 1

We have det A = (a — b)?(2a + b). If a # b and b # —2a, then the inverse exists
and there is a unique solution for any c¢. Otherwise, the possible cases are
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(i)

(iii)

a=>b,b%# —2a. So a # 0. The kernel is the plane  + y + z = 0 which is

-1 -1 1
span 11,10 We extend this basis to R? by adding [ 0
0 1 0
a 1 1
So the image is the span of | @ | = | 1 |. Hence if ¢ # 1, then | ¢ | is not
a 1 1

in the image and there is no solution. If ¢ = 1, then a particular solution
1

is and the general solution is

O Oel|

"
I
O Orl=
+
S
—
+
=
(@)

If a # b and b = —2a, then a # 0. The kernel satisfies

r+y—2z=0
—2x+y+2=0
r—2y+2=0
1
This can be solved to give z = y = z, and the kernel is span 1 . We
1
1 0
add [0 ] and | 0| to form a basis of R3. So the image is the span of
0 1
1 -2
21,11
1 1
1
If | ¢ | is in the image, then
1
1 1 -2
cl=A1-2]4+pl| 1
1 1 1
Then the only solution is g = 0, A = 1,¢c = —2. Thus there is no solution if
1
¢ # —2, and when ¢ = —2, pick a particular solution | 0 | and the general
0
solution is
L 1
x=|0]+A|1
0 1

Ifa =band b= —2a, then a = b = 0 and ker A = R3. So there is no
solution for any c.
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5 Eigenvalues and eigenvectors

Given a matrix A, an eigenvector is a vector x that satisfies Ax = Ax for some
A. We call X\ the associated eigenvalue. In some sense, these vectors are not
modified by the matrix, and are just scaled up by the matrix. We will look
at the properties of eigenvectors and eigenvalues, and see their importance in
diagonalizing matrices.

5.1 Preliminaries and definitions
Theorem (Fundamental theorem of algebra). Let p(z) be a polynomial of degree

m>1,ie.
m

p(z) = ¢,
=0

where ¢; € C and ¢, # 0.
Then p(z) = 0 has precisely m (not necessarily distinct) roots in the complex
plane, accounting for multiplicity.

Note that we have the disclaimer “accounting for multiplicity”. For example,
22 — 2z + 1 = 0 has only one distinct root, 1, but we say that this root has
multiplicity 2, and is thus counted twice. Formally, multiplicity is defined as
follows:

Definition (Multiplicity of root). The root z = w has multiplicity k if (z — w)*
is a factor of p(z) but (z — w)**! is not.

Example. Let p(z) =22 — 22 — 2+ 1= (2 —1)?(2 + 1). So p(z) = 0 has roots
1,1, —1, where z = 1 has multiplicity 2.

Definition (Eigenvector and eigenvalue). Let o : C" — C™ be a linear map
with associated matrix A. Then x # 0 is an eigenvector of A if

Ax = Ax

for some A. X is the associated eigenvalue. This means that the direction of the
eigenvector is preserved by the mapping, but is scaled up by A.

There is a rather easy way of finding eigenvalues:

Theorem. ) is an eigenvalue of A iff
det(A — M) =0.

Proof. (=) Suppose that X is an eigenvalue and x is the associated eigenvector.
We can rearrange the equation in the definition above to

(A=Xx=0

and thus
x € ker(A — \I)

But x # 0. So ker(A — AI) is non-trivial and det(A—AI) = 0. The (<) direction
is similar. O
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Definition (Characteristic equation of matrix). The characteristic equation of
Ais
det(A — \I) = 0.

Definition (Characteristic polynomial of matrix). The characteristic polynomial
of Ais
pa(A) =det(A — AI).

From the definition of the determinant,
pa(A) = det(A — AI)
= Ejrjagn (A1 = A0ji1) -+ (Ajn — Adjn)
=cot+ A+ -+ A"
for some constants cg, - -+ ,¢,. From this, we see that

(i) pa(A) has degree n and has n roots. So an n x n matrix has n eigenvalues
(accounting for multiplicity).

(ii) If A is real, then all ¢; € R. So eigenvalues are either real or come in
complex conjugate pairs.

(iii) ¢, = (—1)" and ¢,—1 = (—1)n_1(A11 +Aso 4 4 App) = (—l)n_l tr(A).
But ¢,,_1 is the sum of roots, i.e. ¢,_1 = (=1)" "1 (A + X + -+ \,), 80

tr(A) =AM+ Ao+ + A

Finally, ¢ = pa(0) = det(A). Also ¢p is the product of all roots, i.e.
Co = )\1)\2 ce >\n So
det A = )\1)\2 e )\n

The kernel of the matrix A — Al is the set {x : Ax = Ax}. This is a vector
subspace because the kernel of any map is always a subspace.

Definition (Eigenspace). The eigenspace denoted by E) is the kernel of the
matrix A — A, i.e. the set of eigenvectors with eigenvalue .

Definition (Algebraic multiplicity of eigenvalue). The algebraic multiplicity
M(X) or M), of an eigenvalue X is the multiplicity of A in p4(A) = 0. By the
fundamental theorem of algebra,

> M) =n.
A

If M(X) > 1, then the eigenvalue is degenerate.

Definition (Geometric multiplicity of eigenvalue). The geometric multiplicity
m(A) or my of an eigenvalue X is the dimension of the eigenspace, i.e. the
maximum number of linearly independent eigenvectors with eigenvalue A.

Definition (Defect of eigenvalue). The defect Ay of eigenvalue A is
Ay = M) —m(N).

It can be proven that Ay > 0, i.e. the geometric multiplicity is never greater
than the algebraic multiplicity.
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5.2 Linearly independent eigenvectors

Theorem. Suppose nxn matrix A has distinct eigenvalues A1, Ao, -+ , A\,,. Then
the corresponding eigenvectors xi,Xs, - -+ , X, are linearly independent.

Proof. Proof by contradiction: Suppose x1,Xs,- - ,X, are linearly dependent.
Then we can find non-zero constants d; for ¢ = 1,2,--- ,r, such that

dix1 +doxo + - -+ dyx, = 0.

Suppose that this is the shortest non-trivial linear combination that gives 0 (we
may need to re-order x;).
Now apply (A — A1) to the whole equation to obtain

di(A1 —A)x1 +da(Ae — AM)xo + -+ dr (A — A)x, = 0.

We know that the first term is 0, while the others are not (since we assumed

Ai # A for i # j). So
da(Aa — A)xa + -+ dr (A — A%, = 0,
and we have found a shorter linear combination that gives 0. Contradiction. [

Example.

-1 0
To solve (A — A1I)x = 0, we obtain

G ) 0)-
(=)=0)

. . 1\ . .
to be an eigenvector. Clearly any scalar multiple of (z) is also a solution,

(i) A_<O 1>.Thenp,4()\)—)\2+l—0. So A =i and Ay = —i.

So we obtain

I . 1
but still in the same eigenspace E; = span (z)

Solving (A — A\aI)x = 0 gives

So E_; = span (_1@)

Note that M(£i) = m(+i) = 1, so Ay; = 0. Also note that the two
eigenvectors are linearly independent and form a basis of C2.

(ii) Consider

-2 2 -3
A=1 2 1 -6
-1 -2 0
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Then det(A — AI) = 0 gives 45 + 21X — X2 — A3, So \; =5, A2 = A3 = —3.

The eigenvector with eigenvalue 5 is

We can find that the eigenvectors with eigenvalue —3 are

—2x9 4+ 313
X = o
€3

for any xo,x3. This gives two linearly independent eigenvectors, say

—2\ /3
1],]0
0 1

So M(5) =m(5) =1 and M(—3) = m(—3) = 2, and there is no defect for
both of them. Note that these three eigenvectors form a basis of C3.

(iii) Let
-3 -1 1
A=|-1 -3 1
-2 -2 0
Then 0 =pa(\) = —(A+2)*. So A = —2,—2,—2. To find the eigenvectors,
we have
1 -1 1\ [z
(A4+2h)x=|-1 -1 1 z2| =0

2 -2 2/ \as

The general solution is thus z; + o2 — 23 = 0, and the general solution is

X1 1 O
thus x = T . The eigenspace E_5 = span 0],11
1+ T2 1 1

Hence M(—2) = 3 and m(—2) = 2. Thus the defect A_y = 1. So the
eigenvectors do not form a basis of C3.

(iv) Consider the reflection R in the plane with normal n. Clearly Rn = —n.
The eigenvalue is —1 and the eigenvector is n. Then E; = span{n}. So
M(-1)=m(-1)=1.

If p is any vector in the plane, Rp = p. So this has an eigenvalue of 1 and
eigenvectors being any vector in the plane. So M (1) = m(1) = 2.

So the eigenvectors form a basis of R3.
(v) Consider a rotation R by 6 about n. Since Rn = n, we have an eigenvalue
of 1 and eigenspace E; = span{n}.

We know that there are no other real eigenvalues since rotation changes
the direction of any other vector. The other eigenvalues turn out to be
et If § # 0, there are 3 distinct eigenvalues and the eigenvectors form a
basis of C3.
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(vi) Consider a shear

=0 9)

The characteristic equation is (1 — A\)2 = 0 and A = 1. The eigenvectors

1). We have M (1) =2 and m(1) = 1. So

corresponding to A =1 is x = (O

Ay =1.

If n x n matrix A has n distinct eigenvalues, and hence has n linearly
independent eigenvectors vi,va,---Vv,, then with respect to this eigenvector
basis, A is diagonal.

In this basis, v1 = (1,0, -+ ,0) etc. We know that Av; = A\;v; (no summation).
So the image of the ith basis vector is \; times the ith basis. Since the columns
of A are simply the images of the basis,

M O -0
0 X - 0
0 0 - M\

The fact that A can be diagonalized by changing the basis is an important
observation. We will now look at how we can change bases and see how we can
make use of this.

5.3 Transformation matrices

How do the components of a vector or a matrix change when we change the
basis?
Let {e1,eq, -+ ,e,} and {€;1,85, - ,&,} be 2 different bases of R™ or C".

Then we can write
n
€e; = E Pijei
i=1

i.e. P;; is the ¢th component of €; with respect to the basis {e1,es,--- ,€,}.
Note that the sum is made as P;;e;, not P;;e;. This is different from the formula
for matrix multiplication.

Matrix P has as its columns the vectors €; relative to {e1, ez, - ,e,}. So
P = (él ég e]L) and

Similarly, we can write
n
e = E Qri€k
k=1

with Q@ = (e1 e3 - €,).
Substituting this into the equation for €;, we have

n n
€; = Z ( Qkiéﬂ) Pi;
k=1

i=1

= Z ek (Z QkiPij>
k=1 i=1
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But €1, €9, - , €, are linearly independent, so this is only possible if

n

Z QriPij = 0kj,

i=1

which is just a fancy way of saying QP =1, or Q = P1.

5.3.1 Transformation law for vectors

With respect to basis {e;}, u = Y.~ u;e;. With respect to basis {€;}, u =
>r ;€. Note that this is the same vector u but has different components
with respect to different bases. Using the transformation matrix above for the
basis, we have

M:

Pijei

Jj=1

Z Zpijdj e;

=1 \j=1

1

.
Il

3

By comparison, we know that
n
U; = Z Pij’L’ij
j=1

Theorem. Denote vector as u with respect to {e;} and @ with respect to {€;}.
Then
u=Paand i=P 'u

Example. Take the first basis as {e; = (1,0),e2 = (0,1)} and the second as

{61 =(1,1),6; = (-1,1)}.

So €1 = e +eg and €, = —e; + e;. We have
1 -1
P (1 X ) _
Then for an arbitrary vector u, we have
u = ujei + uses
1, . . 1, -
= U1§(81 —€) + U2§(91 + €3)
1 .1 -
= §(U1 +uz)ér + 5(*U1 + uz)€s.
Alternatively, using the formula above, we obtain
=P lu
1 1 1 'LL1
2\—-1 1
_ u1 + UQ
% —u1 + Ug
Which agrees with the above direct expansion.
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5.3.2 Transformation law for matrix
Consider a linear map « : C" — C™ with associated n x n matrix A. We have
u' = a(u) = Au.

Denote u and u’ as being with respect to basis {e;} (i.e. same basis in both
spaces), and @, 0" with respect to {€;}.
Using what we’ve got above, we have

u = Au
P@' = APu
i’ =P 'APa
= Au
So
Theorem. R
A=P AP
1 A0
Example. Consider the shear Sy = [0 1 0| with respect to the standard
0 0 1

basis. Choose a new set of basis vectors by rotating by 6 about the ez axis:

€1 = cos e + sin fey

€y, = —sinfe; + cosfeqy
e}, = e3
So we have
cosf —sinf O cosf@ sinf 0
P=|sinf cos§ Of,P'=/|[—-sinf cosf 0
0 0 1 0 0 1
Now use the basis transformation laws to obtain
) 1+ Asinfcos@ Acos? 6 0
Sy = —Asin? 6 1 — Asinfcosf 0
0 0 1

Clearly this is much more complicated than our original basis. This shows that
choosing a sensible basis is important.

More generally, given « : C™ — C™, given x € C™, x’ € C" with x' = Ax.
We know that A is an n X m matrix.

Suppose C™ has a basis {e;} and C" has a basis {f;}. Now change bases to

We know that x = Px with P being an m x m matrix, with x’ = RX’ with
R being an n X n matrix.

Combining both of these, we have

Rx = APx
%' = RT'APx
Therefore A = R~1AP.
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Example. Consider o : R? — R?, with respect to the standard bases in both

spaces,
2 3 4
A= (1 6 3>

Use a new basis (?) , (é) in R? and keep the standard basis in R®. The basis

change matrix in R? is simply I, while

(21 4 1/5 -1
R(l 5)’R 9(—1 2>
is the transformation matrix for R?. So
= 2 1 2 3 4
A= <1 5) <1 6 3) I
15 =1\ (2 3 4
T 9\—-1 2 1 6 3
(1 1 17/9
—\0 1 2/9
. . . = 2\ 1
We can alternatively do it this way: we know that f; = (1) = (5) Then

we know that
élze1|—>2f1—|—f2:f1
(52:62’—>3f1+6f2:f:1+f72
- 17, 2
e3:e3n—>4f1+3f2:§f1+§f2

and we can construct the matrix correspondingly.

5.4 Similar matrices

Definition (Similar matrices). Two n x n matrices A and B are similar if there
exists an invertible matrix P such that

B =P AP,

i.e. they represent the same map under different bases. Alternatively, using the
language from TA Groups, we say that they are in the same conjugacy class.

Proposition. Similar matrices have the following properties:
(i) Similar matrices have the same determinant.
(ii) Similar matrices have the same trace.
(iii) Similar matrices have the same characteristic polynomial.

Note that (iii) implies (i) and (ii) since the determinant and trace are the
coeflicients of the characteristic polynomial

53



5 Figenvalues and eigenvectors TA Vectors and Matrices

Proof. They are proven as follows:
(i) det B = det(P~tAP) = (det A)(det P)~!(det P) = det A
(i)
tr B = By;
= PiglAjkPki
= AjxPei Py
= Aju (PP~ )y,
= AjkOkj
= Ajj
=trA

(iii)
pB(A) = det(B — AI)
=det(P~tAP — \I)
=det(P~*AP — AP 'IP)
=det(P~*(A - \)P)
=det(A — A\I)
=pa(N) [

5.5 Diagonalizable matrices

Definition (Diagonalizable matrices). An n X n matrix A is diagonalizable if
it is similar to a diagonal matrix. We showed above that this is equivalent to
saying the eigenvectors form a basis of C™.

The requirement that matrix A has n distinct eigenvalues is a sufficient
condition for diagonalizability as shown above. However, it is not necessary.
Consider the second example in Section 5.2,

-2 2 =3
A= 2 1 -6
-1 -2 0
We found three linear eigenvectors
1 -2 3
eg=12|,&a=|1 |,e5=10
1 0 1
If we let
1 -2 3 1 1 2 -3
P=12 1 0 ,P—l_g -2 4 6 |,
1 0 1 1 2 5
then
} 5 0 0
A=pP7taP=10 -3 0 |,
0 0 -3

so A is diagonalizable.
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Theorem. Let A\j, Ao, -, A\, with r < n be the distinct eigenvalues of A. Let
By, By, - - By be the bases of the eigenspaces Ey,, Ey,, -, E\, correspondingly.

Then the set B = U B; is linearly independent.
i=1

This is similar to the proof we had for the case where the eigenvalues are
distinct. However, we are going to do it much concisely, and the actual meat of
the proof is actually just a single line.

Proof. Write B, = {xgl),xgl), - 'X1(711%>\1)}' Then m(A\) = dim(FE), ), and simi-
larly for all B;.
Consider the following general linear combination of all elements in B. Con-

sider the equation

Z Z Otijxg»i) =0.

i=1 j=1

The first sum is summing over all eigenspaces, and the second sum sums over
the basis vectors in B;. Now apply the matrix

IIT “-xn
k=1,2,--- K, ,r

to the above sum, for some arbitrary K. We obtain

m(Ak)

Z aKj H (>\K - >\k:) X;K) =0.
j=1

k=12, K o1

Since the X§»K) are linearly independent (By is a basis), ax; = 0 for all j. Since
K was arbitrary, all a;; must be zero. So B is linearly independent. O

Proposition. A is diagonalizable iff all its eigenvalues have zero defect.

5.6 Canonical (Jordan normal) form

Given a matrix A, if its eigenvalues all have non-zero defect, then we can find
a basis in which it is diagonal. However, if some eigenvalue does have defect,
we can still put it into an almost-diagonal form. This is known as the Jordan
normal form.

Theorem. Any 2 x 2 complex matrix A is similar to exactly one of
A O A0 Al
0 XJ7\O0 A7 0 A

(i) If A has two distinct eigenvalues, then eigenvectors are linearly independent.
Then we can use P formed from eigenvectors as its columns

Proof. For each case:
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(ii) If Ay = Ay = X and dim F\ = 2, then write E) = span{u, v}, with
u,v linearly independent. Now use {u,v} as a new basis of C? and

- A0
_ p-1 - —
A=P AP_<0 )\)_/\I

Note that since P~'AP = M, we have A = P(AI)P™! = X]. So A is
1sotropic, i.e. the same with respect to any basis.

(iii) If Ay = A2 = X and dim(E)) = 1, then E) = span{v}. Now choose basis
of C? as {v,w}, where w € C?\ E,.

We know that Aw € C2. So Aw = av + Bw. Hence, if we change basis to

{v,w}, then A= P~1AP = Aoa .

0 B
However, A and A both have eigenvalue A with algebraic multiplicity 2.
So we must have § = A. To make a = 1, let u = (A — AI)w. We know
u # 0 since w is not in the eigenspace. Then

(A= Au=(A—A)’w = (8 g‘) (8 g‘>w=0.

So u is an eigenvector of A with eigenvalue .
We have u = Aw — Aw. So Aw = u + \w.

Change basis to {u,w}. Then A with respect to this basis is (3 /1\>

This is a two-stage process: P sends basis to {v,w} and then matrix Q
sends to basis {u, w}. So the similarity transformation is Q=1 (P~1AP)Q =

(PQ)TA(PQ). O

Proposition. (Without proof) The canonical form, or Jordan normal form,
exists for any n X n matrix A. Specifically, there exists a similarity transform
such that A is similar to a matrix to A that satisfies the following properties:

(i) Aaa = Aa, i.e. the diagonal composes of the eigenvalues.

(ii) Ag,a+1 =0or 1.

(iii) A;; = 0 otherwise.

The actual theorem is actually stronger than this, and the Jordan normal
form satisfies some additional properties in addition to the above. However, we
shall not go into details, and this is left for the IB Linear Algebra course.

Example. Let

-3 -1 1
A=|-1 -3 1
-2 -2 0
-1 1
The eigenvalues are —2, —2, —2 and the eigenvectors are | 1 |, [ 0]. Pick
0 1
1 -1 -1 1 1 -1
w=[0]|. Writeu=(A-X)w=|[-1 -1 1 0] = | —1]. Note that
0 -2 -2 2 0 -2
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Au = —2u. We also have Aw = u — 2w. Form a basis {u,w, v}, where v is
1
another eigenvector linearly independent from u, say | O
1
-1 1 1
Now change to this basis with P= | —1 0 0 |]. Then the Jordan normal
-2 0 1
-2 1 0
formis P AP=| 0 -2 0
0o 0 -2

5.7 Cayley-Hamilton Theorem

Theorem (Cayley-Hamilton theorem). Every n x n complex matrix satisfies
its own characteristic equation.

Proof. We will only prove for diagonalizable matrices here. So suppose for our
matrix A, there is some P such that D = diag(\y, A2, -, \,) = P"*AP. Note
that

D' = (P'AP)(PT'AP)---(P7'AP) = PT'A'P.

Hence
pp(D) = pp(P~'AP) = P~ [pp(A)]P.

Since similar matrices have the same characteristic polynomial. So
pa(D) = P~ pa(A)]P.
However, we also know that D® = diag(A\, \s, -+ A1), So

pA(D) = diag(pA()‘l)va(AQ)7 e apA()‘n)) = diag(oaov e ’0)

since the eigenvalues are roots of p4(A\) = 0. So 0 = pa(D) = P~ ps(A)P and
thus pa(A4) = 0. O

There are a few things to note.

(i) If A~! exists, then A7pa(A) = A7 e + 1A+ A2 + - + ¢, A™) = 0.
So coA™ 4+ ¢1 + oA+ - + ¢, A" L Since A7! exists, ¢g = det A # 0.
So

-1
A7l = C—(cl + oA+ + an"_l).
0

So we can calculate A~! from positive powers of A.

(ii) We can define matrix exponentiation by
A 1 2 1 n
A =T+ A+ A AT
2! n!

It is a fact that this always converges.
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If A is diagonalizable with P with D = P71AP = diag(A1, A2, -, An),

then
P leAP =P ' IP+ P'AP + %P*A?P 4o
:I+D+%D2+~~
= diag(eM,eh, e eA”)
So
et = Pldiag(eM,e?2, ... e*)| P71,
(iii) For 2 x 2 matrices which are similar to B = 8\ i\) We see that the

characteristic polynomial pg(z) = det(B — 2I) = (A — 2)2. Then pp(B) =

om0 ) -0 1)

Since we have proved for the diagonalizable matrices above, we now know
that any 2 x 2 matrix satisfies Cayley-Hamilton theorem.

In IB Linear Algebra, we will prove the Cayley Hamilton theorem properly for

all matrices without assuming diagonalizability.

5.8 Eigenvalues and eigenvectors of a Hermitian matrix
5.8.1 Eigenvalues and eigenvectors

Theorem. The eigenvalues of a Hermitian matrix H are real.

Proof. Suppose that H has eigenvalue \ with eigenvector v # 0. Then
Hv = \v.
We pre-multiply by v, a 1 x n row vector, to obtain
viHv = \viv (%)

We take the Hermitian conjugate of both sides. The left hand side is

(vIHV) =viHIv =viHv
since H is Hermitian. The right hand side is

Wiv)T = Xviv

So we have
viHv = Mviv.

From (%), we know that Aviv = A*viv. Since v # 0, we know that viv =
v-v#0. So A=)\ and A is real. O

Theorem. The eigenvectors of a Hermitian matrix H corresponding to distinct
eigenvalues are orthogonal.
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Proof. Let
Hv; = \;v; (i)
Hv; = \jvj. (ii)
Pre-multiply (i) by v; to obtain
V;r.Hvi = )\ivjvi. (iii)

Pre-multiply (ii) by v;-r and take the Hermitian conjugate to obtain
viHv; = A\viv (iv)
J H Jrg v
Equating (iii) and (iv) yields
)\iV:?r»Vl' = )\jV;VZ'.

Since A\; # Aj, we must have V;vi = 0. So their inner product is zero and are

orthogonal. O

So we know that if a Hermitian matrix has n distinct eigenvalues, then
the eigenvectors form an orthonormal basis. However, if there are degenerate
eigenvalues, it is more difficult, and requires the Gram-Schmidt process.

5.8.2 Gram-Schmidt orthogonalization (non-examinable)

Suppose we have a set B = {wy, Wy, -+ ,w;} of linearly independent vectors.
We want to find an orthogonal set B = {vy, vy, -+, v, }.
Define the projection of w onto v by Py (w) = <<“’,|“":'>> v. Now construct B

iteratively:
(1) Vi = W1

(il) vog = wa — Py, (W)

Then we get that (vy | va) = (vq | wa) — (<V1‘w2>) (vi|v1)=0

(vilvi)

(iii) vs = w3 — Py, (W3) — Py, (W3)

(iv) :

(V) v, =w, — ZP‘,]. (W)

j=1

At each step, we subtract out the components of v; that belong to the space
of {vy, -+ ,vg_1}. This ensures that all the vectors are orthogonal. Finally, we
normalize each basis vector individually to obtain an orthonormal basis.
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5.8.3 Unitary transformation

Suppose U is the transformation between one orthonormal basis and a new

orthonormal basis {uy,us, -+ ,u,}, i.e. (u; | u;) = d;;. Then
(w)r (ug)1 - (W)
(w)2 (u2)2 -+ (un)e
U= . .
(ul)n (u2)’ﬂ (un)n
Then

(UT0)ij = (U Uy,
= Ul:iUkj
= (u)z(w))k
= (uw; | uy)
=5

So U is a unitary matrix.

5.8.4 Diagonalization of n x n Hermitian matrices
Theorem. An n x n Hermitian matrix has precisely n orthogonal eigenvectors.

Proof. (Non-examinable) Let A1, A, -+ , A, be the distinct eigenvalues of H (r <
n), with a set of corresponding orthonormal eigenvectors B = {vy,va, -+ ,V,}.
Extend to a basis of the whole of C"

/
B = {Vlav%"' y Ve, W1, Wo, - awn—r}

Now use Gram-Schmidt to create an orthonormal basis

B = {V17V27 crr, Ve, U, Ug, e 7un—r}-
Now write
T 17 T )
P = Vi Vo “ee vV, u; e | b P
L NS b

We have shown above that this is a unitary matrix, i.e. P~' = Pt. So if we
change basis, we have

P 'HP=P'HP

A 0 -2 0 0 0 0
0 X -+ 0 0 0 0
: : : : 0
1o o A0 0 0
10 0 0 i1 cl2 ' Clp—r
0 0 0 C21 22t Com—r
0 0 U 0 Ch—r,1 Cn—r2 *°° Cpn—rn—r
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Here C'is an (n — r) x (n — r) Hermitian matrix. The eigenvalues of C' are also
eigenvalues of H because det(H — M) = det(PTHP — \I) = (A; — A)--- (\, —
A) det(C — AI). So the eigenvalues of C are the eigenvalues of H.

We can keep repeating the process on C until we finish all rows. For example,
if the eigenvalues of C' are all distinct, there are n — r orthonormal eigenvectors
w; (for j=r+1,---,n) of C. Let

1
1
Q= 1
T ) )
Wril Wepa o000 Wy
Loy !

with other entries 0. (where we have a r x r identity matrix block on the top
left corner and a (n — ) x (n —r) with columns formed by w;)

Since the columns of @ are orthonormal, @ is unitary. So QTPTHPQ =
diag(A1, A2y -+ s Ay A1, 0+ 5 A ), where the first 7 As are distinct and the re-
maining ones are copies of previous ones.

The n linearly-independent eigenvectors are the columns of PQ.
O

So it now follows that H is diagonalizable via transformation U(= PQ). U
is a unitary matrix because P and @) are. We have
D=U'HU
H=UDU"

Note that a real symmetric matrix S is a special case of Hermitian matrices. So
we have

D=Q7sQ
S =QDQT

Example. Find the orthogonal matrix which diagonalizes the following real

é f) with 5 #0 € R.
We find the eigenvalues by solving the characteristic equation: det(S—AI) =0,
and obtain A =1+ 5.

The corresponding eigenvectors satisfy (S — AI)x = 0, which gives x =

1 1
7 ()
We change the basis from the standard basis to L (1> 1 < 1 ) (which
Va\l) 2 -1

symmetric matrix: S = <

is just a rotation by 7w /4).

The transformation matrix is @ = G;g _11//\65) Then we know that

S =QDQT with D = diag(1,—1)
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5.8.5 Normal matrices

We have seen that the eigenvalues and eigenvectors of Hermitian matrices satisfy
some nice properties. More generally, we can define the following:

Definition (Normal matrix). A normal matriz as a matrix that commutes with
its own Hermitian conjugate, i.e.

NNt = NN

Hermitian, real symmetric, skew-Hermitian, real anti-symmetric, orthogonal,
unitary matrices are all special cases of normal matrices.
It can be shown that:

Proposition.
(i) If X is an eigenvalue of N, then \* is an eigenvalue of NT.
(ii) The eigenvectors of distinct eigenvalues are orthogonal.

(iii) A normal matrix can always be diagonalized with an orthonormal basis of
eigenvectors.
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6 Quadratic forms and conics

We want to study quantities like 27 + 23 and 323 + 22125 + 423. For example,
conic sections generally take this form. The common characteristic of these is
that each term has degree 2. Consequently, we can write it in the form xfAx
for some matrix A.

Definition (Sesquilinear, Hermitian and quadratic forms). A sesquilinear form
is a quantity F = xTAx = x; Ajjzy. If A is Hermitian, then F' is a Hermitian
form. If A is real symmetric, then F'is a quadratic form.

Theorem. Hermitian forms are real.

Proof. (x'Hx)* = (x'Hx)" = xH'x = xTHx. So (x'Hx)* = x'Hx and it is
real. 0

We know that any Hermitian matrix can be diagonalized with a unitary
transformation. So F(x) = x'Hx = x'UDU'x. Write x' = U'lx. So F =
(x')TDx’, where D = diag(A1, -+, An).

We know that x’ is the vector x relative to the eigenvector basis. So

n
F(x) =Y Aiaf]?
i=1
The eigenvectors are known as the principal axes.

Example. Take F = 222 — 4zy + 5y% = x7Sx, where x = (5) and § =

2 =2
-2 5
Note that we can always choose the matrix to be symmetric. This is since
for any antisymmetric A, we have x! Ax = 0. So we can just take the symmetric
part.

1 1
The eigenvalues are 1, 6 with corresponding eigenvectors — <2) y —= < 1 )

NV AN A
5 Y

Then F = (2/)? + 6(y')2.

Now change basis with

Q
Then x' = QTx = L% 2r 4y
Vi \x —2y)’

So F' = ¢ is an ellipse.

6.1 Quadrics and conics
6.1.1 Quadrics

Definition (Quadric). A guadric is an n-dimensional surface defined by the
zero of a real quadratic polynomial, i.e.

xTAx+bTx+ ¢ =0,

where A is a real n x n matrix, x, b are n-dimensional column vectors and ¢ is a
constant scalar.
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As noted in example, anti-symmetric matrix has x” Ax = 0, so for any A,
we can split it into symmetric and anti-symmetric parts, and just retain the
symmetric part S = (4 + AT)/2. So we can have

xTSx+blx+c=0

with S symmetric.
Since S is real and symmetric, we can diagonalize it using S = QDQT with
D diagonal. We write x’ = Q7x and b’ = Q7b. So we have

(x)I'Dx' + ()% 4 c=0.

If S is invertible, i.e. with no zero eigenvalues, then write x” = x’ + £ D~ b’
which shifts the origin to eliminate the linear term (b’)Tx’ and finally have
(dropping the prime superfixes)

xT'Dx = k.

So through two transformations, we have ended up with a simple quadratic form.

6.1.2 Conic sections (n = 2)
From the equation above, we obtain

Mzt + s = k.
We have the following cases:

(i) A1A2 > 0: we have ellipses with axes coinciding with eigenvectors of S.
(We require sgn(k) = sgn(A1, A2), or else we would have no solutions at all)

(i) A1A2 < 0: say Ay = k/a® > 0, Ay = —k/b*> < 0. So we obtain

2 2
1ty
a? b2 ’

which is a hyperbola.

(iii) AqA2 = 0: Say Ay = 0, A\; # 0. Note that in this case, our symmetric
matrix S is not invertible and we cannot shift our origin using as above.

From our initial equation, we have
A (2))? 4+ vz + bhahy +c=0.

We perform the coordinate transform (which is simply completing the
square!)

to remove the ) and constant term. Dropping the primes, we have

>\le 4+ boxgy =0,
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which is a parabola.

Note that above we assumed b}, # 0. If b, = 0, we have A\ (z})2 +bjz} +c =
0. If we solve this quadratic for =}, we obtain 0, 1 or 2 solutions for z;
(and x5 can be any value). So we have 0, 1 or 2 straight lines.

These are known as conic sections. As you will see in A Dynamics and Relativity,
this are the trajectories of planets under the influence of gravity.

6.2 Focus-directrix property

Conic sections can be defined in a different way, in terms of

Definition (Conic sections). The eccentricity and scale are properties of a conic
section that satisfy the following:
Let the foci of a conic section be (+ae,0) and the directrices be x = +a/e.
A conic section is the set of points whose distance from focus is ex distance
from directrix which is closer to that of focus (unless e = 1, where we take the
distance to the other directrix).

Now consider the different cases of e:

(i) e < 1. By definition,

a2 a?(l—e2?)

Which is an ellipse with semi-major axis a and semi-minor axis av/'1 — e2.
(if e = 0, then we have a circle)

(i) e > 1. So
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and we have a hyperbola.

(iii) e =1: Then

> T

and we have a parabola.

Conics also work in polar coordinates. We introduce a new parameter [ such
that /e is the distance from the focus to the directrix. So

I =all —é%.
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We use polar coordinates (r,6) centered on a focus. So the focus-directrix

property is
(5 -re0)
r=el| - —rcosb
e

l
"= 1+ ecosf

We see that 7 — oo if # — cos™!(—1/e), which is only possible if e > 1, i.e.
hyperbola or parabola. But ellipses have e < 1. So r is bounded, as expected.
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7 Transformation groups

We have previously seen that orthogonal matrices are used to transform between
orthonormal bases. Alternatively, we can see them as transformations of space
itself that preserve distances, which is something we will prove shortly.

Using this as the definition of an orthogonal matrix, we see that our definition
of orthogonal matrices is dependent on our choice of the notion of distance, or
metric. In special relativity, we will need to use a different metric, which will
lead to the Lorentz matrices, the matrices that conserve distances in special
relativity. We will have a brief look at these as well.

7.1 Groups of orthogonal matrices

Proposition. The set of all n x n orthogonal matrices P forms a group under
matrix multiplication.

Proof.

0. If P,Q are orthogonal, then consider R = PQ. RRT = (PQ)(PQ)T =
P(QQT)PT = PPT = 1. So R is orthogonal.

1. I satisfies II7 = I. So I is orthogonal and is an identity of the group.

2. Inverse: if P is orthogonal, then P~! = PT by definition, which is also
orthogonal.

3. Matrix multiplication is associative since function composition is associative.
O

Definition (Orthogonal group). The orthogonal group O(n) is the group of
orthogonal matrices.

Definition (Special orthogonal group). The special orthogonal group is the
subgroup of O(n) that consists of all orthogonal matrices with determinant 1.

In general, we can show that any matrix in O(2) is of the form
cos —sind cosf  sind
sinf  cos® ) % \sin® —cosd
7.2 Length preserving matrices

Theorem. Let P € O(n). Then the following are equivalent:
(i) P is orthogonal

(ii

)

) |Px| = [x]|

(iii) (Px)T(Py) =x"Ty,ie. (Px)-(Py)=x"y.

(iv) If (vq,va,- -+ ,Vvy,) are orthonormal, so are (Pvy, Pva, -+, Pvy)
(v) The columns of P are orthonormal.

Proof. We do them one by one:
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(i) = (i): |Px|> = (Px)T(Px) =xT"PTPx =xTx = |x|?
(ii) = (iii): |P(x+y)|?> = |x + y|>. The right hand side is
x"+y")x+y) =x"x+y"y +y"x+xTy =[x + y]* + 2xTy.
Similarly, the left hand side is
|Px + Py|?> = |Px|*> + |Py| + 2(Px)" Py = |x|* + |y|* + 2(Px)" Py.
So (Px)T Py =xTy.
(iii) = (iv): (Pv;)TPv; =vIv; =4;;. So Pv;’s are also orthonormal.

(iv) = (v): Take the v;’s to be the standard basis. So the columns of P, being
Pe;, are orthonormal.

(v) = (i): The columns of P are orthonormal. Then (PPT);; = Py Pj), =
(P,) - (P;) = 6i;, viewing P; as the ith column of P. So PPT =1I. O

Therefore the set of length-preserving matrices is precisely O(n).

7.3 Lorentz transformations

Consider the Minkowski 1 + 1 dimension spacetime (i.e. 1 space dimension and
1 time dimension)

Definition (Minkowski inner product). The Minkowski inner product of 2
vectors x and y is
(x|y)=x"Jy,

Y

This is to be compared to the usual Fuclidean inner product of x,y € R?,
given by

where

Then (x | y) = 2191 — z2y2.

(x|y)=xTy =x"Ty = z1y1 + 22y>.

Definition (Preservation of inner product). A transformation matrix M pre-
serves the Minkowski inner product if

{xly) = (Mx|My)
for all x,y.

We know that xT'Jy = (Mx)TJMy = xTMT JMy. Since this has to be
true for all x and y, we must have

J=MTJM.
We can show that M takes the form of

. o— cosha sinha or Koo — cosha —sinha
*  \sinha cosha @/2 = \sinha —cosha
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where H,, is a hyperbolic rotation, and K, /5 is a hyperbolic reflection.

This is technically all matrices that preserve the metric, since these only
include matrices with M7; > 0. In physics, these are the matrices we want, since
M1 < 0 corresponds to inverting time, which is frowned upon.

Definition (Lorentz matrix). A Lorentz matriz or a Lorentz boost is a matrix
in the form

B — 1 1 w
Vi =2\v 1)
Here |v| < 1, where we have chosen units in which the speed of light is equal to
1. We have B, = Hy nn—1 4

Definition (Lorentz group). The Lorentz group is a group of all Lorentz matrices
under matrix multiplication.

It is easy to prove that this is a group. For the closure axiom, we have
B,, B,, = B,,, where

vy + v
v3 = tanh(tanh ™' v; + tanh ™! wy) = s
1+ V1U2

The set of all B, is a group of transformations which preserve the Minkowski
inner product.
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